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ABSTRACT25

Dynamical models are crucial for uncovering the internal dynamics of galaxies, however, most of the26

results to date assume axisymmetry, which is not representative for a significant fraction of massive27

galaxies. Here, we build triaxial Schwarschild orbit-superposition models of galaxies taken from the28

SAMI Galaxy Survey, in order to reconstruct their inner orbital structure and mass distribution. The29

sample consists of 161 passive galaxies with total stellar masses in the range 109.5 to 1012M�. We30

find that the changes in internal structures within 1Re are correlated with the total stellar mass of31

the individual galaxies. The majority of the galaxies in the sample (73% ± 3%) are oblate,32

while 19%± 3% are mildly triaxial and 8%± 3% have triaxial/prolate shape. Galaxies with33

logM?/M� > 10.50 are more likely to be non-oblate. We find a mean dark matter fraction34

of fDM = 0.28 ± 0.20, within 1Re. Galaxies with higher intrinsic ellipticity (flatter) are found to35

have more negative velocity anisotropy βr (tangential anisotropy). βr also shows an anti-correlation36

with the edge-on spin parameter λRe,EO, so that βr decreases with increasing λRe,EO, reflecting the37

contribution from disk-like orbits in flat, fast-rotating galaxies. We see evidence of an increasing38

fraction of hot orbits with increasing stellar mass, while warm and cold orbits show a decreasing trend.39

We also find that galaxies with different (V/σ - h3) kinematic signatures have distinct combinations40

of orbits. These results are in agreement with a formation scenario in which slow- and fast-rotating41

galaxies form through two main channels.42
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1. INTRODUCTION44

The assembly history of a galaxy is thought to be one45

of the major factors that determines its internal kine-46

matic structure (e.g., White 1979; Fall & Efstathiou47
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1980; Park et al. 2019) and so observations of the in-48

ternal kinematic structure should give an indication of49

a galaxy’s past.50

Our current understanding of galaxy formation sug-51

gests that massive galaxies form in a two-phase pro-52

cess (e.g., Naab et al. 2009; Oser et al. 2010). Dur-53

ing the first phase, at high redshift, they grow by a54

rapid episode of in-situ star formation, resulting in com-55

pact massive systems. After z ≈ 2, these massive,56

log10(M?/M�) > 10.5, compact galaxies are predicted57

to be quiescent and grow mostly by accreting mass58

through gas-poor galaxy mergers that add stars mainly59

to their outskirts.60

Early-type galaxies (ETGs) have been separated into61

two classes, based on their stellar kinematics: fast rota-62

tors and slow rotators (e.g. Emsellem et al. 2004, 2007;63

Cappellari et al. 2007; Emsellem et al. 2011). Cappellari64

(2016) suggested that these two classes also indicate two65

major channels of galaxy formation where fast-rotating66

ETGs start their life as star-forming disks and evolve67

through a set of processes dominated by gas accretion,68

bulge growth and quenching. In contrast, slow-rotating69

ETGs assemble near the centers of massive halos, via in-70

tense star formation at high redshift, and evolve from a71

set of processes dominated by gas-poor mergers. How-72

ever, Naab et al. (2014) showed that the detailed for-73

mation history of a galaxy cannot be constrained from74

the slow-fast rotator classification alone, but when com-75

bined with the higher-order kinematic signatures, differ-76

ent merger scenarios can be distinguished.77

In order to understand the evolutionary history of78

galaxies, we need a detailed analysis of its intrinsic79

structure. The Schwarschild orbit-superposition method80

(Schwarzschild 1979) is a powerful dynamical modelling81

technique that allows dynamical substructures in galax-82

ies to be revealed. Several different implementations of83

the Schwarzschild method, with varying degrees of sym-84

metry, have been described (Cretton et al. 1999; Geb-85

hardt et al. 2003; Valluri et al. 2004; van den Bosch et al.86

2008; Vasiliev & Athanassoula 2015; Vasiliev & Valluri87

2020; Neureiter et al. 2021, e.g.). The Schwarschild88

method has been used to model supermassive black holes89

(van der Marel et al. 1998; Verolme et al. 2002; Gebhardt90

et al. 2003; Valluri et al. 2004; Krajnović et al. 2009;91

Rusli et al. 2013; Seth et al. 2014; Thater et al. 2017,92

2019; Liepold et al. 2020; Quenneville et al. 2021a), the93

internal orbital structures of globular clusters (van de94

Ven et al. 2006; Feldmeier-Krause et al. 2017; Fahrion95

et al. 2019), early-type galaxies (Cappellari et al. 2006;96

Thomas et al. 2007; van de Ven et al. 2008; Thomas et al.97

2014; Poci et al. 2019; Jin et al. 2020; den Brok et al.98

2021) and recently expanded to galaxies of all morpholo-99

gies (Vasiliev & Athanassoula 2015; Zhu et al. 2018b,c;100

Vasiliev & Valluri 2020; Lipka & Thomas 2021). The101

orbit distributions obtained by these models have also102

been used to identify different dynamical components in103

these stellar systems (e.g. van de Ven et al. 2006; Cap-104

pellari et al. 2007; van den Bosch et al. 2008; Lyuben-105

ova et al. 2013; Breddels & Helmi 2014; Krajnović et al.106

2015). Zhu et al. (2018b) separated orbits into four dif-107

ferent components: a cold component with near circular108

orbits (with strong rotation), a hot component with near109

radial orbits (characterized by random motions), a warm110

component in-between (characterized by weak rotation)111

and a counter-rotating component (similar to the warm112

and cold components). The inferred internal orbital dis-113

tributions were then used to reconstruct the observed114

photometry and stellar kinematics of each component.115

However, the majority of these studies only had a few116

objects available (less than 30 galaxies). A large sam-117

ple of galaxies, observed with good radial coverage and118

spatial resolution, is required in order to understand the119

average evolution history of the general galaxy popula-120

tion.121

In the last two decades, Integral Field Spectroscopy122

(IFS) surveys such as SAURON (Spectroscopic Areal123

Unit for Research on Optical Nebulae; de Zeeuw et al.124

2002), ATLAS3D (Cappellari et al. 2011), CALIFA125

(Calar Alto Legacy Integral Field Array survey; Sánchez126

et al. 2012), SAMI (Sydney-Australian-Astronomical-127

Observatory Multi-object Integral-Field Spectrograph)128

Galaxy Survey (Croom et al. 2012; Bryant et al. 2015;129

Croom et al. 2021), MASSIVE (Ma et al. 2014), and130

MaNGA (Mapping Nearby Galaxies at Apache Point131

Observatory; Bundy et al. 2015) have provided us with132

rich observational datasets of galaxies, allowing their133

structure and evolution to be investigated in detail134

through the mapping of stellar kinematics across indi-135

vidual galaxies. These IFS surveys have made possi-136

ble the use of techniques such as Schwarschild orbit-137

superposition method to dynamically decompose IFS138

observations to estimate the internal mass distribution,139

intrinsic stellar shapes and orbit distributions of galaxies140

across the Hubble sequence (e.g., Zhu et al. 2018a,b,c;141

Zhuang et al. 2019; Jin et al. 2020; Aquino-Ort́ız et al.142

2020).143

Zhu et al. (2018c) studied a sample of 250 galaxies in144

the CALIFA survey, with total stellar masses between145

108.5 and 1012M�, spanning all morphological types.146

About 95% of the galaxies in their sample had stel-147

lar kinematic maps with Rmax > 1Re, and ∼ 8% with148

Rmax > 3Re. They found that, within 1 Re, galaxies149

have more stars in warm orbits than in either cold or150

hot orbits. Similar results were also found in a sample151
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of 149 early-type galaxies in the MaNGA survey (Jin152

et al. 2020), with stellar masses ranging between 109.9
153

and 1011.8M� and observations up to 1.5 - 2.5 Re per154

galaxy. These studies also found that the changes of155

internal structures within 1Re are correlated with the156

stellar mass of the galaxies.157

The number of galaxies considered for Schwarzschild158

model studies to date has been limited and they have159

often not incorporated higher-order kinematic moments160

to further constrain the orbital models. Higher-order161

kinematic signatures are defined as the deviations from162

a Gaussian line-of-sight velocity distribution (LOSVD).163

When the LOSVD is parametrized as a Gauss–Hermite164

series (van der Marel & Franx 1993; Gerhard 1993), its165

skewness and excess kurtosis are parametrized by the166

coefficients of the 3rd- and 4th-order Hermite polynomi-167

als (h3 and h4, respectively). Given the connection be-168

tween the higher-order stellar kinematic moments and169

a galaxy’s assembly history (Naab et al. 2014), their170

inclusion in dynamical modelling can help distinguish171

between different formation scenarios.172

In this paper we will apply Schwarzschild modelling173

to the SAMI Galaxy Survey (Croom et al. 2012; Bryant174

et al. 2015; Owers et al. 2017) to investigate the evo-175

lutionary histories of passive galaxies by studying their176

internal structures. The SAMI Galaxy Survey data al-177

lows us to study the internal orbits of a significant num-178

ber of galaxies for the first time and allows us to further179

constrain the Schwarzschild models by adding informa-180

tion on the higher-order kinematic moments. Through-181

out the paper, we adopt a ΛCDM cosmology with182

Ωm = 0.3, ΩΛ = 0.7, and H0 = 70 km s−1 Mpc−1.183

2. OBSERVATIONS184

The Sydney-AAO Multi-object Integral field spectro-185

graph (SAMI) Galaxy Survey is a large, optical Inte-186

gral Field Spectroscopic (Croom et al. 2012; Bryant187

et al. 2015; Owers et al. 2017) survey of low-redshift188

(0.04 < z < 0.095) galaxies covering a broad range189

in stellar mass, 7 < log10(M?/M�) < 12, morphology190

and environment. The sample, with ≈ 3000 galaxies,191

is selected from the Galaxy and Mass Assembly survey192

(GAMA; Driver et al. 2011) regions (field and group193

galaxies), as well as eight additional clusters to probe194

higher-density environments (Owers et al. 2017).195

The SAMI instrument (Croom et al. 2012), on the196

3.9m Anglo-Australian telescope, consists of 13 “hex-197

abundles” (Bland-Hawthorn et al. 2011; Bryant et al.198

2014), across a 1-degree field of view. Each hexabundle199

consists of 61 individual 1.′′6 fibres, and covers a ∼ 15′′200

diameter region on the sky. In the typical configuration,201

12 hexabundles are used to observe 12 science targets,202

with the 13th one allocated to a secondary standard star203

used for calibration. Moreover, SAMI also has 26 indi-204

vidual sky fibers, to enable accurate sky subtraction for205

all observations without the need to observe separate206

blank sky frames. The SAMI fibers are fed to the dual-207

beam AAOmega spectrograph (Sharp et al. 2006).208

2.1. IFS Spectra and kinematic maps209

SAMI data consist of 3D data cubes: two spatial di-210

mensions and a third spectral dimension.211

The wavelength coverage is from 3750 to 5750 Å in the212

blue arm, and from 6300 to 7400 Å in the red arm, with213

a spectral resolution of R = 1812 (2.65 Å full-width half214

maximum; FWHM) and R = 4263 (1.61 Å FWHM),215

respectively (van de Sande et al. 2017a), so that two216

data cubes are produced for each galaxy target.217

Each galaxy field was observed in a set of approxi-218

mately seven 30 minute exposures, that are aligned to-219

gether by fitting the galaxy position within each hex-220

abundle with a two-dimensional Gaussian and by fitting221

a simple empirical model describing the telescope offset222

and atmospheric refraction to the centroids. The expo-223

sures are then combined to produce a spectral cube with224

regular 0.5′′ spaxels, with a median seeing of 2.1′′. More225

details of the Data Release 3 reduction can be found in226

Croom et al. (2021)1.227

Stellar kinematic measurements were derived using228

the penalized pixel fitting code (pPXF; Cappellari &229

Emsellem 2004; Cappellari 2017), after combining the230

blue- and red-arm spectra by matching their spectral231

resolution. A detailed description of the method used to232

derive the stellar kinematic measurement can be found233

in van de Sande et al. (2017a,b). In particular, for our234

analysis, we use the Voronoi-binned kinematic measure-235

ments. Bins are adaptively generated to contain a target236

S/N of 10 Å−1, using the Voronoi binning code of Cap-237

pellari & Copin (2003).238

The available stellar kinematic measurements consist239

of 2D maps of stellar rotational velocity V , velocity dis-240

persion σ, and the high kinematic orders (h3 and h4).241

In addition, each kinematic map has kinematic position242

angle and FWHM of the Point Spread Function (PSF243

- taken from a star observed at the same time as the244

galaxies) provided.245

2.2. Multi Gaussian Expansion profiles and effective246

radius247

Multi-Gaussian Expansion (MGE; Emsellem et al.248

1994; Cappellari 2002) profile fits for the SAMI Galaxy249

1 Reduced data-cubes and stellar kinematic data products for
all galaxies are available on: https://datacentral.org.au.

https://datacentral.org.au


4

Survey are produced from the r−band photometry by250

D’Eugenio et al. (2021). The MGE method consists of251

a series expansion of galaxy images using 2D Gaussian252

functions. This method enables us to take the PSF into253

account; given a value of the inclination and assuming254

an intrinsic shape, the MGE model can be deprojected255

analytically, which is orders of magnitude faster than256

the general, integral-based method.257

The fits are applied to re-analysed Sloan Digital Sky258

Survey (SDSS; York et al. 2000) images for GAMA259

galaxies, reprocessed as described in Hill et al. (2011),260

and VST/ATLAS (VLT Survey Telescope - ATLAS;261

Shanks et al. 2015) and SDSS DR9 (Ahn et al. 2012) ob-262

servations for cluster galaxies, with VST/ATLAS data263

reprocessed as described in Owers et al. (2017). The im-264

ages are square cutouts with 400′′ side, centred on the265

centre of the galaxy, and the MGE fits are calculated266

using MgeFit (Cappellari 2002) and the regularisation267

feature described in Scott et al. (2009). For each fit,268

the position angle of the Gaussian components269

were required to be the same. A more detailed de-270

scription can be found in D’Eugenio et al. (2021). From271

the MGE best fit, we use the projected luminosity, size,272

and flattening of each Gaussian component to model273

the surface density of each galaxy and to deproject the274

stellar component to 3D density (the stellar mass distri-275

bution is assumed to be axisymmetric in projection, but276

can be intrinsically triaxial). The effective radius, Re,277

used here is that of the major axis in the r-band. The278

semi-major axis values were taken from MGE fits.279

2.3. Stellar Mass280

Stellar masses are estimated assuming a Chabrier281

(2003) initial mass function (IMF), from the K-corrected282

g− and the i− magnitudes using an empirical proxy de-283

veloped from GAMA photometry (Taylor et al. 2011;284

Bryant et al. 2015). For cluster galaxies, stellar masses285

are derived using the same approach (Owers et al. 2017).286

We use the photometric stellar masses for our287

analysis in order to be consistent with previous288

SAMI studies and to have consistent compar-289

isons with previous results in the literature (e.g.290

from CALIFA and MaNGA).291

2.4. Sample Selection292

We use data from the final SAMI data release (de-293

scribed in the Data Release 3 publication Croom et al.294

2021). This data release consists of 3068 unique galax-295

ies. Of these, we have MGE profiles from D’Eugenio296

et al. (2021) for 2957 galaxies (r−band images are not297

available for some galaxies or they have been affected298

by a bright star in the field of view). Following van299

de Sande et al. (2017a), we exclude all galaxies300

whose kinematics are influenced by mergers, that301

have strong bars or that have a bright object in302

their stellar velocity field. This leaves us with 2834303

galaxies with stellar kinematic and MGE measurements.304

We exclude all galaxies with masses below log10(M?/M�) =305

9.5, because the incompleteness of the stellar kinematic306

sample is larger than 50% of the SAMI galaxy survey307

sample observed in this mass range. We further exclude308

433 galaxies where Re < 2′′ (due to their spatial size309

being smaller than the instrumental spatial resolution).310

This leaves us with 1649 galaxies.311

Following the recommendations of van de Sande et al.312

(2017a), for each galaxy we select spaxels that meet the313

following quality criteria:314

Q1) S/N > 3 Å−1 & σobs > 35 km/s;315

Q2) VERR < 30 km/s & σERR < σobs× 0.1 + 25 km/s.316

Q3 in van de Sande et al. (2017a) is for measurements317

with S/N < 20 Å−1 and σobs < 70 km/s. We cautiously318

include these in this analysis and increase the errors319

on the measurements that do not meet this criterion320

to down-weight their contributions. The 1589 galaxies321

that meet these criteria are shown in Fig. 1.322

In this paper we focus on passive galaxies, because the323

long-term goal of this project is to study the effects of324

galaxy environment on passive galaxies (Santucci et al.325

in prep). We use the SAMI spectroscopic classification326

presented in Owers et al. (2019) to select a homogeneous327

sample. The SAMI spectroscopic classification labelled328

galaxies as star-forming, passive, or Hδ-strong, using the329

absorption- and emission-line properties of each SAMI330

spectrum. We select 738 passive galaxies.331

2.4.1. Radial coverage and spatial sampling selection332

We compare the spatial resolution and radial extent333

of our sample to the sample from (Zhu et al. 2018b)334

who used CALIFA data to derive orbital parameters us-335

ing the Schwarzschild method. SAMI Voronoi bins are336

generated to contain a target S/N of 10 Å−1. Since the337

target S/N is the only requirement for the bins, individ-338

ual spaxels of 0.5′′ are left unbinned when they meet this339

requirement. For these single-spaxel bins, the covariance340

is larger (since they are smaller than the SAMI spatial341

resolution). In Fig. 1 we show the number of Voronoi342

bins within 1Re versus the radial coverage avalable (in343

units of Re) for the 1589 SAMI galaxies (in grey) that344

meet our quality criteria. CALIFA galaxies (in purple;345

from Zhu et al. 2018b) have a similar distribution in346

number of bins to SAMI, however their bins were gen-347

erated with different criteria (their minimum S/N = 20348
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Figure 1. Number of Voronoi bins within 1Re that meet
our quality criteria versus the maximum radius available for
stellar kinematics (in units of Re) for the galaxies in the
SAMI Galaxy Survey (1589 galaxies; grey circles) and in
the CALIFA survey (259 galaxies; violet diamonds). Black
dashed lines indicate Rmax/Re = 1 and Voronoi bins = 85.
We calculate the marginalised fractions of galaxies to the
total number in each sample, by mass and size, and show
them in the top and left panels of the figure. Grey lines
are for SAMI galaxies, while the violet lines are for CALIFA
galaxies. The CALIFA and the SAMI samples have similar
distributions in Voronoi bins and radial coverage, although
there are more CALIFA galaxies with measurements up to
2Re.For this analysis we select galaxies in the top right corner
(Rmax > 1Re and Voronoi bins > 85).

and their spaxel size is consistent with their spatial res-349

olution), therefore a direct comparison is not possible.350

CALIFA and SAMI also show a similar distribution in351

radial coverage, although there are more CALIFA galax-352

ies with measurements up to 2Re.353

In this analysis, the first in a series, we select a high-354

quality subsample of SAMI galaxies, identified by good355

spatial resolution and good radial coverage (top right356

corner of Fig. 1). This region is selected as the optimal357

compromise between best quality data and reasonable358

sample size, and corresponds to galaxies with 85 Voronoi359

bins within 1Re and Rmax > Re. More details about360

the radial coverage tests we performed can be found in361

Appendix A.362

This quality cut gives us a sample of 179 passive363

galaxies. We visually inspect the galaxies in this sam-364

ple using HSC images and exclude the face-on strongly365

barred galaxies that were not identified as barred from366

the square cutouts used for the MGE modelling. This367

cut gives us a final sample of 161 galaxies. These are368

shown in Fig. 2 and used hereafter in this analysis.369

The majority of the galaxies in our sample are early-370

type galaxies (∼ 85%), ∼ 11% are S0/Early-spirals and371

∼ 4% are late-type galaxies (visual morphological classi-372

fication from Cortese et al. 2016). We note that our final373

sample is biased toward galaxies that are more massive374

and larger than the general SAMI passive population.375

This bias is caused by selecting galaxies with at least 85376

Voronoi bins within 1 Re.377
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Figure 2. Effective radius, Re, versus stellar mass. Blue
circles are the passive galaxies in the SAMI sample with
log10(M?/M�) > 9.5 and Re > 2′′ (738), orange squares
are the galaxies included in the final sample (161). We cal-
culate the marginalised fractions of galaxies with respect to
the total number in each sample, by mass and size, and show
them in the top and left panels of the figure. Blue lines are
for the passive galaxies in the SAMI Galaxy Survey, while
the orange lines are for our final sample. The two samples
are slightly different in the marginalized mass and size distri-
butions, so that we have higher fractions of massive and large
galaxies in the final sample compared to the initial sample.
This is due to selecting galaxies with more than 85 Voronoi
bins.

378

379

3. SCHWARZSCHILD ORBIT-SUPERPOSITION380

TECHNIQUE381

3.1. Schwarzschild’s models and free parameters382

We use the Schwarzschild orbit-superposition tech-383

nique (Schwarzschild 1979) to model our individual384

galaxies, using the implementation from van den Bosch385

et al. (2008), with the correct orbital mirroring386

(Quenneville et al. 2021b), that allows us to model387
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triaxial stellar components 2, while most of the results388

in the literature assume axisymmetry. There are three389

main steps required to create a Schwarzschild model:390

1. Construct a model for the underlying gravitational391

potential;392

2. Calculate a representative library of orbits using393

the gravitational potential previously modelled;394

3. Find a combination of orbits that can reproduce395

the observed kinematic maps and luminosity dis-396

tribution.397

These steps are fully described in van den Bosch et al.398

(2008) and Zhu et al. (2018a) and are summarized in399

the following subsections.400

3.2. Gravitational Potential401

The model gravitational potential of each galaxy is402

generated using the combination of three components:403

a stellar and a dark matter distribution and a central404

super-massive black hole. The triaxial stellar compo-405

nent mass is calculated from the best-fit two-dimensional406

MGE luminosity density (from D’Eugenio et al. 2021)407

which is de-projected assuming the orientation in space408

of the galaxy, described by three viewing angles (θ, φ,409

ψ), to obtain a three-dimensional luminosity density.410

The space orientation (θ, φ, ψ) can be converted directly411

to the intrinsic shape (pi, qi, ui), where pi = Bi/Ai,412

qi = Ci/Ai and ui = σobsGauss,i/σGauss,i. Ai, Bi, Ci rep-413

resent the major, medium and minor axes of the 3D tri-414

axial Gaussian component and σGauss,i represents the415

size of each Gaussian component. Moreover, the flat-416

test Gaussian component, having the minimum flatten-417

ing qmin, dictates the allowed space orientation for the418

de-projection, so that we can take (pmin, qmin, umin) as419

our free parameters. This 3D density is then converted420

into a stellar mass distribution using a radially constant421

stellar mass-to-light ratio M?/L (note that M?/L is a422

free parameter in our modelling). The corresponding423

stellar gravitational potential Φ? is calculated using the424

classical formula from Chandrasekhar (1969).425

The dark matter halo distribution is assumed to follow426

a spherical Navarro-Frenk-White profile (NFW; Navarro427

et al. 1996). The mass, M200 (mass enclosed within a428

radius, R200, where the average density is 200 times the429

2 A new implementation of this code, DYNAMITE (DYnamics,
Age and Metallicity Indicators Tracing Evolution), has recently
been released (Jethwa et al. 2020). This was not available at the
beginning of this analysis. Internal tests have been carried out
which have verified the consistency between the two implementa-
tions.

critical density), in a NFW dark matter halo is deter-430

mined by two parameters. These are the concentration431

parameter, c, and the fraction of dark matter within432

R200, f = M200/M? (where M200 is as defined above433

and M? is the total stellar mass).434

The spatial resolution of SAMI data is poorer than435

the influence radius of the black hole, so its mass leaves436

no imprint on the stellar kinematic maps and therefore437

does not affect our results. We therefore fix the black438

hole mass to the value derived from the stellar velocity439

dispersion, measured within an aperture of 1Re, assum-440

ing the relation between black hole mass and the stellar441

velocity dispersion of a galaxy from McConnell et al.442

(2011).443

Combining the components used to describe the grav-444

itational potential, we have six free parameters (stellar445

mass-to-light ratio, M?/L, the intrinsic shape of the flat-446

test Gaussian component (pmin, qmin, umin), the dark447

matter halo concentration, c, and dark matter fraction,448

f) that must be determined. To determine these best-449

fit parameters for each galaxy, we run an optimised450

grid-based parameter search as described in Zhu et al.451

(2018a) and summarized in Sec. 3.4.452

3.3. Orbit library453

To fit a model to our observed data we need an orbit454

library. To create the orbit library we use a separa-455

ble triaxial potential, where all orbits are regular and456

conserve three integrals of motion (energy E, second in-457

tegral I2 and third integral I3) which can be calculated458

analytically. Four different types of orbits exist: three459

types of tube orbits (short axis tubes, outer and inner460

long axis tubes) and box orbits. We create initial condi-461

tions for our orbits by sampling from the three integrals462

of motion. We refer to van den Bosch et al. (2008) for463

the details of the orbit sampling.464

The number of points we sample across the three in-465

tegrals is nE × nθ × nR = 21 × 10 × 7, where nE , nθ,466

nR are the number of intervals taken across the energy467

E, the azimuthal angle θ and radius R on the (x, z)468

plane. However, this orbit library includes mostly short469

axis tubes, long axis tubes and a relatively low fraction470

of box orbits in the inner region. Since box orbits are471

essential for creating triaxial shapes, we construct an472

additional set of box orbits. Box orbits always touch473

equipotentials (Schwarzschild 1979), so they can be de-474

scribed by combining the energy E with two spherical475

angles (θ and φ). The number of points included in the476

box orbit set are nE × nθ × nφ = 21× 10× 7.477

We add an additional set of orbits to account for ret-478

rograde stars commonly found in early-type galaxies479

(Bender 1988; Kuijken et al. 1996). This set contains480
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21 × 10 × 7 orbits to describe the initial conditions for481

counter-rotating orbits. To summarize, we use three sets482

of 21× 10× 7 orbits: a typical set of (E, I2, I3), a box483

orbits set of (E, θ, φ) and a counter-rotating set of also484

(E, −I2, I3).485

As in van den Bosch et al. (2008) and Zhu et al.486

(2018b), we dither every orbit to give 53 orbits by per-487

turbing the initial conditions slightly, in order to smooth488

the model. The orbit trajectories created will be co-489

added to form a single orbit bundle in our orbit library.490

We then use Schwarzschild’s method to weight the var-491

ious orbit contributions to the velocity distribution pro-492

file in each bin to construct a model with observational493

parameters that can be fit to the data (the description494

of how kinematic maps are fitted can be found in Zhu495

et al. 2018a). The quantities that will be compared to496

observations are spatially convolved with the same PSF497

as the observations. The model and the observed values498

are then divided by the observational error so that a χ2
499

comparison is achieved. The weights are determined by500

the van den Bosch et al. (2008) implementation, using501

the Lawson & Hanson (1974) non-negative least squares502

(NNLS) implementation.503

3.4. Best-fit model504

In order to find the best-fit model, which contains six505

free parameters, we run a grid based parameter search.506

We use a parameter grid with intervals of 0.5, 0.1, 0.2,507

0.05, 0.05 and 0.01 in M?/L, log(c), log(f), qmin, pmin508

and umin, respectively, and perform an iterative search509

for the best-fitting models. After each iteration, the510

best-fit model is selected by using a χ2 comparison. The511

best-fit model is defined as the model with minimum512

kinematic χ2:513

χ2 =

Nkin∑
n=1

[(
V nmod − V nobs
V nobserr

)2

+

(
σnmod − σnobs
σnobserr

)2

+

(
hn3, mod − hn3, obs

hn3, obserr

)2

+

(
hn4, mod − hn4, obs

hn4, obserr

)2 ]
(1)

where V nmod, σ
n
mod, h

n
3, mod and hn4, mod are the model514

values for each bin n, V nobs, σ
n
obs, h

n
3, obs and hn4, obs are515

the observed values in each bin and V nobserr, σ
n
obserr,516

hn3, obserr and hn4, obserr represent the observational er-517

rors. Nkin is the number of bins in the kinematic maps.518

We define a confidence level around that minimum value519

and select all the models whose χ2 is within that con-520

fidence level: χ2 − χ2
min < χ2

s ×
√

(Nobs −Npar), with521

χ2
s = 2, Nobs = 4Nkin, as we use V, σ, h3 and h4 as522

model constraints, and Npar is the number of free pa-523

rameters (6 here). We then create new models around524

the existing models with lower kinematic χ2 values by525

walking two steps in every direction of the parameter526

grid from each of the selected models. In this way, the527

searching process goes in the direction of smaller χ2 on528

the parameter grid, and it stops when the minimum χ2
529

model is found. Next, we continue the iteration by using530

a larger value of χ2
s, to ensure all the models within 1σ531

confidence are calculated before the iteration finishes.532

The values of χ2
s are chosen empirically so that it is nei-533

ther too small (finding only local minimums) nor too534

large. For the final step, we reduce the parameter in-535

tervals by half to get a better estimate of the best-fit536

parameters. The models whose χ2 are within the con-537

fidence level are included for calculating the statistical538

uncertainties of the model parameters for single data539

analysis. The maximum and minimum values of the pa-540

rameters or properties in these models are treated as541

upper and lower limits in 1σ error regions.542

The kinematic maps for the best-fit models of exam-543

ple galaxies 9403800123, 9019900793, 220465 and544

9008500323 are presented in Fig. 3, Fig. 4, Fig.545

5 and Fig. 6. We selected these four galaxies as546

representative of the sample, with 9403800123547

being a non edge-on oblate galaxy (with 255548

Voronoi bins within 1Re), 9011900793 an edge-on549

oblate galaxy (with 87 Voronoi bins within 1Re),550

220465 a triaxial galaxy (142 Voronoi bins within551

1Re) and 9008500323 a prolate galaxy (with 104552

Voronoi bins within 1Re). Even when the spatial553

sampling is low, as in the case of 9011900793, the554

model is able to reproduce the best-fit maps well555

(χ2
red = 2.22 for galaxy 9403800123, χ2

red = 1.72 for556

galaxy 9011900793, χ2
red = 1.79 for galaxy 220465557

and χ2
red = 1.99 for galaxy 90085003233). We also558

show the explored parameter grids and the obtained in-559

ternal mass distribution, orbit circularity, triaxiality and560

tangential anisotropy for the best fits of these four galax-561

ies in Appendix B. These parameters are fully described562

in the following section.563

4. RESULTS564

In this section and the next we present the results565

we obtain modelling a sample of 161 passive galaxies in566

the SAMI Galaxy Survey with the Schwarzschild orbit-567

superposition technique. For each galaxy we explore568

3 The reduced χ2 is defined as χ2
red = χ2

4Nkin−Npar
, with χ2

calculated following Eq. 1. The values of χ2
red are not always

equal to 1 for the best-fit models of the galaxies in our
sample. This is because the input kinematic maps of the
galaxies in our sample were not symmetrised. Therefore,
comparing the observed maps to the model maps, which
are symmetric, can result in values of χ2

red higher than 1.
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Figure 3. Example of a galaxy with excellent spatial sampling: SAMI CATID 9403800123 in the cluster Abell 4038. This
galaxy (logM?/M� = 11.05 and Re = 5.52′′) is a non edge-on oblate galaxy and has stellar kinematic measurements up to 1.36
Re and counts 255 spatial bins within 1Re (black ellipse). Columns show 2D maps for, from left to right, flux, velocity, velocity
dispersion, h3 and h4. First row shows the observed maps, second row shows the best-fit maps derived from the Schwarzschild
modelling and the third row shows the residuals, calculated as the difference between the observation and the model, divided
by the observational uncertainties. The best-fit model maps (χ2

red = 2.22) accurately reconstruct the structures seen in the
observations, not only for the velocity and velocity dispersion maps, but also for h3 and h4.

a range in parameter space by building on av-569

erage 1250 different models. By comparing the 2D570

maps of the flux and kinematic parameters derived from571

each model and observations we determine the best-fit572

parameters. From the best-fit model we derive the in-573

trinsic properties of the inner mass distribution (for both574

stellar and dark matter), intrinsic stellar shape (axis ra-575

tios and ellipticity), velocity anisotropy and the orbit576

circularity distribution. We take as our best-fit values577

the parameters calculated at or averaged within an aper-578

ture of 1Re, depending on the parameter. Uncertainties579

on the measured values are calculated using Monte Carlo580

realisations, as described in Appendix C, combined with581

the 1σ confidence levels for the parameters fluctuations582

from the best-fit model that we describe in Sec. 3.4.583

4.1. Inner mass distribution584

The total mass (Mtot) radial distribution is one of585

the fundamental parameters of the Schwarzschild model,586

which includes a stellar component and a dark matter587

component (Mdark). A black hole mass component is in-588

cluded as well, but not discussed here as its contribution589

to the total mass distribution is negligible. The distribu-590

tion of the fraction of dark matter (fDM = Mdark/Mtot)591

within 1Re for the galaxies in our sample is shown in592

Fig. 7. The average value of the dark matter fraction is593

0.28, with a standard deviation of 0.20. Similar to594

Cappellari et al. (2013), we fit a quadratic function to595

the fDM versus stellar mass distribution. The best-fit re-596

lation follows fDM ∼ 0.10+0.17×(logM?/M�−10.59)2,597

although the 1-σ scatter along this relation is as598

high as δfDM = 0.24.599

Above a stellar mass of log(M?/M�) ∼ 10.75 we see600

a hint of an increasing fDM as a function of stellar601

mass. To test whether this trend is statistically sig-602

nificant, we use the Kendall’s correlation coefficient τ ,603

using the Python package scipy.stats.kendalltau (Virta-604
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Figure 4. Example of a galaxy near the minimum requirement of 85 spatial bins: SAMI CATID 9091100793 in
the cluster Abell 911. This galaxy (logM?/M� = 10.34 and Re = 5.19′′) is a edge-on oblate galaxy and has stellar
kinematic measurements up to 1.45 Re and 87 spatial bins within 1Re. Panels are as in Fig. 3. The best-fit
model maps (χ2

red = 1.72) accurately reconstruct the structures seen in the observations.

nen et al. 2019). This correlation coefficient is robust to605

small sample sizes. A τ value close to 1 indicates strong606

correlation, whereas a value close to −1 indicates strong607

anti-correlation. For galaxies with log(M?/M�) & 10.75608

we find a value of τ = 0.17, with a probability of609

correlation of 99.73%. While the trend of increasing610

fraction of dark matter with increasing stellar mass is611

mild, it is significant at the 3-σ level.612

4.2. Intrinsic stellar shape613

Next, we investigate the intrinsic shapes of the galax-614

ies in our sample. As shown in Sec. 3.2, three param-615

eters are used to model the dynamically-based intrinsic616

stellar shape of each galaxy: p, q and u. The intrin-617

sic shape has been shown to be connected to various618

other galaxy properties such as: stellar mass (Sánchez-619

Janssen et al. 2010), luminosity (Sánchez-Janssen et al.620

2016), spin parameter (e.g. Foster et al. 2017), mean621

stellar population age (van de Sande et al. 2018) and its622

environment (Fasano et al. 2010; Rodŕıguez et al. 2016).623

Furthermore, theoretical simulations suggest that intrin-624

sic shape depends on a galaxy’s formation history (Jes-625

seit et al. 2009; Li et al. 2018b,a).626

Here, in particular, we analyse the triaxial parameter627

TRe, calculated at 1Re and defined as:628

TRe = (1− p2
Re)/(1− q2

Re). (2)

We show an example of the best-fit intrinsic shape pa-629

rameters p, q and T as a function of radius in Appendix630

B, Fig. 30. Based on the triaxiallity parameter TRe, we631

separate galaxies into three groups according to their632

dynamically-based intrisic shape: oblate (TRe = 0),633

prolate (TRe = 1) and triaxial (TRe 6= 0, 1). In634

Fig. 8 we show the triaxial parameter TRe as a func-635

tion of stellar mass log(M?/M�). The majority of636

the galaxies in our sample are close to oblate637

(118 out of 161 galaxies; 73% ± 3%), 30 galaxies638

(19%±3%) show evidence of being mildly triaxial639

(0.1 < TRe ≤ 0.3) and 13 galaxies (8% ± 3%) have640

triaxial/prolate shapes (with TRe > 0.3). There641

is evidence of a slight increase of triaxiality with642

increasing stellar mass (τ = 0.1), however, this643
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Figure 5. Example galaxy SAMI CATID 220465, in the GAMA region. This galaxy (logM?/M� = 11.31 and
Re = 5.00′′) is a triaxial galaxy and has stellar kinematic measurements up to 1.5 Re and 142 spatial bins within
1Re. Panels are as in Fig. 3. The best-fit model maps (χ2

red = 1.79) accurately reconstruct the structures seen
in the observations, not only for the velocity and velocity dispersion maps, but also for h3 and h4.

trend is only significant at a 1-σ level (with a644

probability of 82.96%). However, if we consider645

the fraction of galaxies that have TRe > 0.1 (non-646

oblate galaxies), we find a clear increase of the647

fraction with stellar mass, with a sharp change at648

∼ 1010.50M?/M�, with the fraction of non-oblate649

galaxies increasing from 12%± 4% to 29%± 2% at650

this mass.651

Non-oblate galaxies must be dispersion-supported,652

with their shape reflecting the anisotropic velocity dis-653

persion. In contrast, oblate galaxies may have varying654

degrees of rotation support and anisotropy (e.g. Kireeva655

& Kondratyev 2019). We analyse the distribution of the656

velocity dispersion anisotropy in the next section.657

4.3. Velocity anisotropy658

Velocity dispersion anisotropy parameters (e.g. βr, βz)659

are widely used as indicators of the underlying orbit660

distribution of a galaxy. However, various definitions661

and approaches exist in the literature. The velocity662

dispersion anisotropy parameter used in more recent663

literature, βz, is in cylindrical coordinates and has been664

used in particular to describe the global anisotropy in665

fast-rotating axisymmetric galaxies (Cappellari et al.666

2007). This parameter measures the velocity anisotropy667

along the radius on the disk plane, in cylindrical co-668

ordinates, following the idea of cylindrically aligned669

ellipsoids in oblate galaxies. However, for triaxial galax-670

ies βz (< Re) will have a contribution from both circular671

orbits (which have cylindrically-aligned velocity disper-672

sion ellipsoids) as well as radial and box orbits (which673

have spherically-aligned velocity dispersion ellipsoids).674

Recent results (Thater et al. 2021) show that the ve-675

locity dispersion ellipsoids for the elliptical galaxy NGC676

6958 are more closely aligned with spherical coordinates.677

The misalignment between the measured ellipsoids and678

the cylindrical coordinates can reach angles as high as679

80◦. This misalignment can even occur in disk galaxies,680

most notably, our own Milky Way (Büdenbender et al.681

2015; Hagen et al. 2019). Following Thater et al. (2021),682

we measure the misalignment of the velocity ellipsoids683

for the galaxies in our sample and find that they are684
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Figure 6. Example galaxy SAMI CATID 9008500323, in the cluster Abell 85. This galaxy (logM?/M� = 10.78
and Re = 4.15′′) is a prolate galaxy and has stellar kinematic measurements up to 1.81 Re and 104 spatial bins
within 1Re. Panels are as in Fig. 3. The best-fit model maps (χ2

red = 1.99) accurately reconstruct the structures
seen in the observations, not only for the velocity and velocity dispersion maps, but also for h3 and h4.

more closely aligned with spherical coordinates. For685

this reason, we focus on the radial velocity anisotropy686

parameter, βr, in the results presented here. For com-687

pleteness, we also include the results for βz in Appendix688

D.689

We define the velocity anisotropy parameter βr, in

spherical coordinates, following Binney & Tremaine

(2008):

βr = 1− Πtt

Πrr
, (3)

with

Πtt =
Πθθ + Πφφ

2
, (4)

(r, θ, φ) the standard spherical coordinates, and

Πkk =

∫
ρσ2

k d
3x =

N∑
n=1

Mnσ
2
k,n (5)

with σk the velocity dispersion along the direction k at a690

given location inside the galaxy. The summation defines691

how we computed this quantity from our Schwarzschild692

models. Mn is the mass contained in each of the N polar693

bins in the meridional plane of the model, and σk,n is694

the corresponding mean velocity dispersion along the695

direction k.696

We calculate the value of βr within 1Re, excluding the697

inner regions (r < 2′′) since this region is affected by at-698

mospheric seeing. βr > 0 indicates radial anisotropy,699

βr < 0 indicates tangential anisotropy and βr = 0 in-700

dicates isotropy. Figure 9 shows the derived values of701

βr, for each galaxy, as a function of intrinsic elliptic-702

ity. Here, we derive ε using the intrinsic flattening, qRe,703

from the best-fit model of the galaxy, measured at 1Re;704

εintr = 1− qRe. In general, galaxies with high ellipticity705

(flat galaxies, εintr > 0.7) are close to isotropic or tan-706

gentially anisotropic (supported by rotation). We also707

find that radially anisotropic galaxies are typically more708

massive than tangentially anisotropic galaxies.709710

4.4. Spin Parameter711

The proxy for the spin parameter, λr, has previously

been used to separate slow-rotating galaxies from fast-

rotating galaxies (Emsellem et al. 2007, 2011; Cappellari
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Figure 7. Fraction of dark matter to total mass (fDM =
Mdark/Mtot) within 1Re as a function of stellar mass. The
median values of the fraction of dark matter for each of the
4 mass bins are shown as dark blue squares, with the error
bars marking the 25th and 75th percentiles. The blue solid
line is the parabolic best-fit to the data - fDM ∼ 0.10+0.17×
(log M?

M�
− 10.59)2. The shaded region represents the error

on the best-fit.

2016). We use the Cortese et al. (2016) definition of the

spin parameter to calculate λr for each galaxy:

λr =

∑Nspx

i=0 FiRi|Vi|∑Nspx

i=0 FiRi
√
V 2
i + σ2

i

(6)

where i refers to each spaxel within the ellipse with semi-712

major axis Re and ellipticity ε, Fi is the corresponding713

flux of the ith spaxel, Vi is its stellar velocity, σi is the714

velocity dispersion and Ri is the semi-major axis of the715

ellipse in which the spaxel lies. Since λr is calculated716

within 1Re, it will be referred to as λRe hereafter.717

For completeness, we also measure the ratio of ordered

to random motion V/σ, also measured within 1Re, using

the definition from Cappellari et al. (2007):(
V

σ

)2

≡ 〈V
2〉

〈σ2〉
=

∑Nspx

i=0 FiV
2
i∑Nspx

i=0 Fiσ2
i

. (7)

Results obtained using V/σ are similar to those obtained718

for λRe and are shown in Appendix E.719

Inclination has a strong impact on the observed λRe720

and V/σ quantities, in particular when the viewing an-721

gle is close to face-on (e.g. Binney et al. 1990). While722

inclination corrections are now commonly applied to λRe723
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Oblate

Triaxial
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Figure 8. Triaxial parameter TRe = (1 − p2Re)/(1 − q2Re)
as a function of stellar mass. Galaxies with TRe = 0 are
classified as oblate, galaxies with TRe = 1 as prolate
and those in-between as triaxial. Grey dashed lines
represent TRe = 0.1, TRe = 0.3 and TRe = 0.8. The ma-
jority of the galaxies in our sample are oblate, with a few
galaxies with non-oblate shape. The average values of
the triaxiality parameter for each of the 4 mass bins
are shown as dark blue squares, with the error bars
marking the 1-σ scatter. There is a weak increase
in the triaxiality parameter with increasing stellar
mass. The percentage of galaxies that are non-oblate
(TRe > 0.1) increases with increasing stellar mass, go-
ing from 12% ± 4% below 1010.50M?/M� to 29% ± 2%
above this mass.

measurements (e.g. Querejeta et al. 2015; van de Sande724

et al. 2018; Falcón-Barroso et al. 2019; del Moral-Castro725

et al. 2020; Fraser-McKelvie et al. 2021) these methods726

cannot be applied for slow rotating or trixial galaxies727

(for a detailed discussion see van de Sande et al. 2021a).728

Our trixial Schwarzschild models now allow us, irrespec-729

tive of galaxy type, to deproject each galaxy to a con-730

sistent edge-on view and reconstruct a best-fit internal731

orbital distribution for that viewing angle.732

In order to reconstruct the edge-on maps, we re-733

calculate and store the orbit library for each galaxy,734

with a specific projection. Schwarzschild models take735

into account the PSF of the observations when repro-736

ducing the kinematics. To construct 2D maps without737

the impact of seeing within the Schwarzschild routine,738

we set the PSF FWHM to 0.01′′ for the model to use739

when projecting the galaxy.740
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Radially-anisotropic galaxies are generally more massive.

Once we have constructed the edge-on projected maps,741

we measure the spin parameter within 1Re by apply-742

ing Equation 6. In order to produce results compa-743

rable to observations, we remeasure the MGE model744

on our edge-on projected maps to derive Re, using the745

MgeFit python package (Cappellari 2002). We then de-746

rive the ellipticity by finding the model isophote with747

area A = πR2
e , and use its ellipticity as the galaxy el-748

lipticity (D’Eugenio et al. 2021). We show the derived749

edge-on λRe,EO values as a function of the edge-on in-750

trinsic ellipticity from our MGE fit, εintr,EO, in Fig. 10,751

color-coded by their velocity anisotropy βr. The ma-752

genta line corresponds to the relation βz = 0.65× ε for753

edge-on galaxies as in Cappellari et al. (2007).754

We find that λRe,EO increases with increasing intrinsic755

ellipticity. In particular, galaxies that have low values756

of λRe,EO are rounder than galaxies with higher val-757

ues of λRe,EO. Moreover, we find that galaxies that758759

are radially anisotropic (positive values of βr) show low-760

to mid- values of ellipticity and λRe,EO, while galaxies761

with high ellipticity and λRe,EO are more isotropic or762

tangentially anisotropic. This is seen more clearly when763

a locally weighted regression algorithm (LOESS - Cap-764

pellari et al. 2013) is applied to the data to recover any765

mean underlying trend in βr (Fig. 10, panel b). In gen-766

eral, the variation in βr seems to mostly be driven by767

the spin parameter, λRe,EO.768

The anti-correlation between λRe,EO and βr can be769

seen in Fig. 11. Testing the correlation using the770

Kendall’s correlation coefficient τ , we find a value of771

τ = −0.27, with a probability of correlation of772

99.99% that βr decreases with increasing λRe,EO.773

This means that fast-rotating galaxies are, as expected,774

more tangentially anisotropic than slow-rotating sys-775

tems, which are more radially anisotropic.776

4.5. Orbital structure777

Stellar orbits can be characterized by two main prop-778

erties: the time-averaged radius r, representing the size779

of each orbit, and the circularity λz = Lz/(r×Vc), where780

Lz is the time averaged z-component of the orbit’s an-781

gular momentum (xvy − yvx), r =
√
x2 + y2 + z2, and782

Vc =
√
v2
i + v2

y + v2
z + 2vxvy + 2vxvz + 2vyvz. The de-783

nominator represents the angular momentum of a typi-784

cal circular orbit associated with the original orbit. Us-785

ing the ratio of these two angular momentum terms, we786

can quantify the orbit circularity. |λz| = 1 represents787

highly-rotating short-axis tube orbits (circular orbits),788

while λz = 0 represents mostly box or long-axis tube789

(radial) orbits. Taking the radius, r, and the circularity,790

λz, of each orbit, and considering their weights given by791

the solution from the best-fit model, we can use the orbit792

circularity distribution in the phase space to obtain the793

probability density of orbits within 1Re, for each galaxy.794

Figure 12 shows the overall orbit circularity distribu-795

tion for all the galaxies in our sample, sorted by in-796

creasing stellar mass (shown in the top x-axis). The797

orbit circularity distribution is calculated by integrating798

the probability distribution of λz over all radii within799

1Re and normalizing it to unity. The colour of each800

square represents the normalized density, ω, of the or-801

bits on the phase space. We divide the orbits into four802

broad categories (similar to Zhu et al. 2018a,c): cold803

orbits, λz ≥ 0.80 (close to circular orbits); warm or-804

bits, 0.25 < λz < 0.80 (short-axis tube orbits with a805

component of rotation but also contribution of random806

motions); hot orbits, −0.25 ≥ λz ≤ 0.25 (mostly box or-807

bits and long-axis tube orbits); counter-rotating orbits,808

λz < −0.25, (similar to the warm and cold components,809

but with opposite rotation). Overall, the amount of hot810

orbits increases with increasing stellar mass, while the811

number of warm and cold orbits becomes smaller with812

increasing mass.813

To better visualize these trends with stellar mass, we814

calculate the luminosity-weighted fractions of each com-815
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Figure 10. λRe,EO as a function of the ellipticity εintr,EO derived from MGE fits to the edge-on projected maps, calculated at
1 Re. The magenta line corresponds to the relation βz = 0.65 × ε for edge-on galaxies as in Cappellari et al. (2007). Galaxies
are colored by their velocity anisotropy βr in panel a and LOESS smoothed in panel b. As expected, λRe,EO increases with
increasing intrinsic ellipticity. Galaxies that are radially anisotropic show low- to mid- values of ellipticity and λRe, while
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Figure 11. Velocity anisotropy βr as a function of the
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linear best-fit to the data points (shown in the top right-
hand corner). The two parameters are anti-correlated, so
that βr decreases with increasing λRe,EO. This means
that fast-rotating galaxies are more likely to be tangentially
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ponent within 1Re and we show them as a function of816

stellar mass in Fig. 13, panel a. We also divide the817

sample into 4 mass bins with 29 galaxies each and we818

show the median values for each mass bin as bold points.819

We find a clear increase in the fraction of hot or-820

bits with increasing stellar mass (τ = 0.16, with821

a probability of correlation of 99.71%), while the822

fraction of warm orbits decreases with increasing823

stellar mass (τ = −0.19, with a probability of cor-824

relation of 99.95%), both of them showing a large825

scatter. In particular, the fraction of hot and826

warm orbits seem to have a sharp change above827

logM?/M� = 11. The fraction of cold orbits only828

have a weak correlation with mass (τ = −0.10,829

with a probability of correlation of 94.21%), de-830

clining towards more massive galaxies. The frac-831

tion of counter-rotating orbits does not seem to832

depend on stellar mass (τ = 0.05, with a proba-833

bility of correlation of 61.44%).834

We also explore the correlation of the fractions of the835

orbital components with the bulge to total flux ratio,836

B/T in panel b, with the intrinsic spin parameter λRe,EO837

in panel c and with the intrinsic ellipticity εintr in panel838

d. B/T ratios are calculated from the r-band photome-839

try, performing a 2D photometric bulge-disk decomposi-840

tion (Barsanti et al. 2021 for the decomposition of clus-841

ter galaxies and Casura et al., in prep, for the galaxies842

in the GAMA region). Only 97 galaxies in our sample843

have reliable B/T values for the 2 component decompo-844

sition. The orbital fractions show a correlation with the845

B/T ratios similar to that with stellar mass.846

Looking at λRe,EO and εintr the orbital fractions847

have similar trends: hot orbits decrease with increasing848

λRe,EO and εintr, warm orbits increase with increasing849
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Figure 12. Overall orbit circularity distribution (calculated by integrating the probability distribution of λz, over all radii
within 1Re and normalizing it to unity), for all the galaxies in our sample, sorted by increasing stellar mass (shown in the
top x-axis). The colour indicates the normalized density, ω, of the orbits on the phase space. The orbits are divided into four
categories: cold orbits (λz ≥ 0.80), warm orbits (0.25 < λz < 0.80), hot orbits (−0.25 ≥ λz ≤ 0.25) and counter-rotating orbits
(λz < −0.25). Darker colors indicate higher probabilities as illustrated by the color bar. The right-hand panel shows the average
orbit-circularity distribution within the mass range. Overall, the fraction of hot orbits seems to increase with increasing stellar
mass, while the fraction of warm and cold orbits becomes smaller with increasing mass.

λRe,EO and εintr and cold orbits show an increase in850

the fractions, while there is a significant change851

(τ = −0.21, with a probability of correlation of852

99.99%) in the fraction of counter-rotating orbits853

only with λRe,EO, so that the fraction decreases854

with increasing λRe,EO. In particular, we note that855

the trends with λRe,EO are tighter than those with stel-856

lar mass (average 1-σ scatter ∼ 0.09 compared to the857

average 1-σ scatter ∼ 0.12 with stellar mass).858

4.6. Higher-order stellar kinematics and orbital859

components860

van de Sande et al. (2017a) used the higher-order stel-861

lar kinematic moments (h3 and h4) to classify galax-862

ies in the SAMI Galaxy Survey into 5 distinct classes863

based on each galaxy’s individual h3 versus V/σ signa-864

ture. Galaxies belonging to Class 1 are typically the865

most massive, large and red. Most of Class 1 galaxies866

are also classified as slow rotators, indicating that they867

have more complex dynamical structures as compared868

to fast rotators. Galaxies in Class 2-5 are all consis-869

tent with being oblate rotating axisymmetric spheroids870

as based on λRe and ε, but have a range of higher-order871

kinematic signatures. Galaxies in Class 2 are less mas-872

sive, but still red, and reside in between slow and fast873

rotators. True fast rotators are in Class 3 and 4, with874

galaxies showing a strong anti-correlation of V/σ and875

h3. Galaxies in Class 5 have very high V/σ and elliptic-876

ity, but they do not show any anti-correlation with h3.877

Here, we examine the connection between the distribu-878

tions of these classes and the orbital components of the879

galaxies in our sample.880

In Fig. 14 we show the overall orbit circularity dis-881

tribution for all the galaxies in our sample, grouped by882

their kinematic classes. The orbit circularity distribu-883

tion is calculated by integrating the probability distri-884

bution of λz over all radii within Rmax,h3h4 and normal-885

izing it to unity, similarly to Fig. 12. Rmax,h3h4 is the886

radius within which the h3 versus V/σ signatures were887

derived for each galaxy, due to S/N restrictions (van de888

Sande et al. 2017a). Within each subpanel in Fig. 14,889

we have ordered the galaxies by their intrinsic λRe,EO890

values. The colour indicates the normalized density, ω,891

of the orbits on the phase space. There is a clear distinc-892

tion between the orbital distributions, depending on the893

galaxy kinematic class. In general, hot orbits are more894

dominant in galaxies belonging to Class 1, and they de-895

crease going towards Class 5, with Class 4 showing the896

lowest values. The contribution of cold orbits becomes897

more important in Classes 3, 4 and 5, while warm orbits898

can also be a significant fraction for galaxies in Class899
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Figure 13. Fractions of orbital components as a function of: a) stellar mass, b) bulge to total flux ratio, B/T, c) λRe,EO, d)
εintr. Bold points show the median values for each mass bin, with error bars representing the 1σ scatter around the median
value. There is a clear increase of hot orbits (red diamonds) with increasing stellar mass (and B/T ratio), while the fraction
of warm orbits (orange circles) decreases with increasing stellar mass (and B/T ratio), both of them showing a large scatter.
Hot orbits decrease with increasing λRe,EO (and εintr), while the fraction of warm orbit increases with increasing λRe,EO (and
εintr).The fraction of cold orbits (blue triangles) is also declining towards more massive galaxies and increases with galaxies
becoming flatter. The fraction of counter-rotating orbits (green squares) does not show any significant trend
with B/T ratio or εintr, but it does decrease with increasing λRe,EO. The correlation between the orbital fractions and
λRe,EO shows very little scatter.

2. Counter-rotating orbits do not have any significant900

contribution for Class 3 and 5.901

The distribution of orbits in each class is clearer if902

we look at their integrated distributions, shown in Fig.903

15. Within each class, there are also clear trends of904

the orbital components with λRe, so that, as expected,905

cold orbits are increasing with increasing λRe (rotation-906

ally supported galaxies). Similarly, warm orbits also in-907

crease with increasing λRe,EO. In contrast, the hot com-908

ponent becomes less important with increasing λRe,EO,909

while the counter-rotating orbits do not show any par-910

ticular trend. In particular, in slow-rotating galaxies,911

the main contribution is given by hot orbits. This is912

not unexpected, since these galaxies are expected to be913

pressure-supported. The warm component starts to be-914

come important for galaxies in Class 2, with its contri-915

bution increasing with increasing λRe,EO. Galaxies in916

Class 3, 4 and 5 show higher contributions from warm917

and cold orbits for all the galaxies (compared to Class918

1 and 2). We do not find strong evidence for a differ-919

ence in the orbital distribution between the higher-order920

kinematic Classes 3-5 as derived from the circularity di-921

agram. Nonetheless, the existence of the different signa-922

tures in the higher-order moment maps points to kine-923
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matic features that are not captured in the λz–r space.924

This will be explored further in future work, but is be-925

yond the scope of this paper.926

5. DISCUSSION927

We have constructed Schwarzschild orbit-superposition928

models of 161 passive galaxies from the SAMI Galaxy929

Survey in order to derive intrinsic properties such as the930

internal mass distribution, intrinsic stellar shape, ve-931

locity anisotropy and orbit circularity distribution. We932

find that changes in the internal structures are mostly933

correlated with the stellar mass of the galaxies.934

5.1. Comparison with previous studies935

5.1.1. Fractions of dark matter936

We find an average value of the dark matter fraction937

of fDM = 0.28, with a standard deviation of 0.20,938

within 1Re. In general, our results for fDM are broadly939

consistent with previous stellar dynamic determinations940

within 1Re found in the literature which also all as-941

sume a NFW dark matter halo distribution (Fig.942

16). For example, Gerhard et al. (2001) found fDM943

= 0.1 − 0.4 from spherical dynamical modelling of 21944

ETGs, Cappellari et al. (2006) inferred a median fDM945

≈ 0.3 by comparing dynamics and population masses of946

25 ETGs, and assuming a universal IMF, Thomas et al.947

(2007, 2011) measured fDM = 0.23 ± 0.17 via axisym-948

metric dynamical models of 17 ETGs, Cappellari et al.949

(2013) measured a fDM of 0.15 for early-type galaxies950

in ATLAS3D using Jeans Anisotropic Modelling (JAM),951

with galaxies showing an increasing fraction of dark mat-952

ter with increasing mass for masses log(M?/M�) > 10.6,953

consistent with our findings here. Similar results were954

also found by Posacki et al. (2015), fDM = 0.14 for 55955

early-type galaxies from stellar dynamics and lensing,956

and by Poci et al. (2017) - fDM = 0.19 using JAM to957

model a sample of 258 early-type galaxies in ATLAS3D.958

For the Milky Way, Bland-Hawthorn & Gerhard (2016)959

found a fDM = 0.3, showing that baryons dominate the960

centres of galaxies, especially in our mass range, where961

the efficiency of galaxy building is peaking.962

Jin et al. (2020) found a similar trend for early-type963

galaxies in the MaNGA sample, with the fDM for the964

most massive galaxies (11.0 < log(M?/M�) < 11.5)965

generally above 0.4, similar to what we see for galax-966

ies in the same mass bin. However, we note that, as967

suggested by model tests with mock data from the Il-968

lustris simulations (Jin et al. 2019), estimations of fDM969

can have a systematic offset as a result of modelling the970

dark matter halos assuming that galaxies follow a NFW971

profile, which may not be correct. This is an interesting972

aspect that will need to be explored further and tested973

with a range of simulations and datasets. The trend974975

we see in the fDM with stellar mass is also consistent976

with predictions from simulations, where galaxies with977

log(M?/M�) ∼ 10.6 are the most efficient at forming978

stars (e.g. Behroozi et al. 2010, 2013; Henriques et al.979

2019). The physical interpretation of this behavior is980

the interplay between the feedback processes that im-981

pact star formation efficiency at different galaxy masses.982

Supernova feedback is more effective at reheating and983

expelling gas in low-mass galaxies, while AGN feedback984

is more effective in high-mass galaxies.985

5.1.2. Intrinsic shape distribution986

As seen in Fig. 8, the majority of our galaxies are987

very close to oblate axisymmetric (73% ± 3%),988

with TRe ≤ 0.1 , with varying degrees of intrin-989

sic flattening, with 19%±3% being mildly triaxial990

(0.1 < TRe ≥ 0.3) and a small percentage (8%±3%)991

being triaxial/prolate (TRe > 0.3). There is a992

weak increase in the triaxiality parameter with993

increasing stellar mass. The percentage of galax-994

ies that are non-oblate (TRe > 0.1) increases with995

increasing stellar mass, going from 12%± 4% be-996

low 1010.50M?/M� to 29%± 2% above this mass.997

Triaxial Schwarzschild orbit-superposition dynamical998

models allow to measure intrinsic shapes directly. Pre-999

vious studies used statistical methods to derive intrin-1000

sic shape properties; for example Kimm & Yi (2007)1001

studied a sample of 3922 galaxies from SDSS (Adelman-1002

McCarthy et al. 2006) and found that more massive1003

galaxies are more likely to be triaxial than lower-mass1004

galaxies. Foster et al. (2017) derived the intrinsic shape1005

of 845 galaxies in the SAMI Galaxy Survey using an1006

algorithm to simultaneously invert the distributions of1007

apparent ellipticities and kinematic misalignments using1008

the methodology of Weijmans et al. (2014). They find1009

the majority (∼ 85%) of the galaxies in their sample to1010

be oblate axisymmetric, in good agreement with Weij-1011

mans et al. (2014) and our results. Our result is also in1012

agreement with previous results from the Illustris simu-1013

lations, where only a very small fraction of galaxies are1014

found to have prolate shapes, with the fraction decreas-1015

ing to zero prolate galaxies below log(M?/M�) = 11.481016

(Li et al. 2018b). Jin et al. (2020) found higher frac-1017

tions of triaxial and prolate galaxies in a sample of1018

149 early-type galaxies from the MaNGA survey. This1019

discrepancy is partly explained by their higher stellar1020

mass range analysed (their stellar masses ranged be-1021

tween 109.9 and 1011.8M�), and their different sample1022

selection. Jin et al. (2020) also find an increase of the1023

fraction of non-oblate galaxies with increasing stellar1024

mass, in agreement with our results.1025
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Figure 14. Orbit circularity distribution calculated by integrating the probability distribution of λz over all radii within
Rmax,h3h4 and normalizing it to unity, for all the galaxies in our sample, grouped by their kinematic classes from van de Sande
et al. (2017a) based on the higher-order (V/σ - h3) signatures. Each class has been ordered by the intrinsic λRe,EO values.
The colour indicates the normalized density, ω, of the orbits on the phase space. Galaxies in Class 1 are dominated by hot
orbits. Warm orbits become important for galaxies in Class 2, in particular at higher values of λRe,EO, with the warm orbits
contribution increasing for Classes 3, 4 and 5. Hot orbits become less important with increasing λRe,EO.

5.1.3. Velocity Anisotropy1026

We find that galaxies with higher ellipticities have, in1027

general, more negative values of βr. This means that1028

flatter galaxies are more tangentially anisotropic than1029

rounder galaxies, while the latter are more likely to be1030

supported by radial anisotropy. Moreover, we find a1031

tight relationship of βr with λRe,EO. This is not un-1032

expected, since both parameters are a measure of ro-1033

tation. The idea that the most giant early-type galax-1034

ies are not flattened by rotation but by anisotropy was1035

proposed in the late 1970s (Bertola & Capaccioli 1977;1036

Illingworth 1977; Binney 1978), however most of the dy-1037

namical modelling methods available to date do not al-1038

low for triaxiality, which is needed for a significant frac-1039

tion of massive galaxies in order to construct accurate1040

models.1041

Our results are also in agreement with more recent1042

studies. For example, Gerhard et al. (2001) found that1043

most of the galaxies in their sample of 21 ETGs were1044

moderately radially anisotropic (βr ≈ 0.2), in agreement1045

with the values we find in this study.1046

5.1.4. Orbital structures1047

We find that the hot orbital component generally1048

dominates within Re, becoming the most prevalent1049

component among galaxies with total stellar mass1050

log(M?/M�) > 11. As expected, bulge-dominated1051

galaxies have high fractions of hot orbits (consistent1052

with a pressure-supported bulge). In most galaxies a1053

substantial number of stars within Re are on warm or-1054

bits, with the contribution becoming more important1055

at lower stellar masses. The cold component rarely1056

dominates within Re and its importance decreases with1057

increasing stellar mass. The counter-rotating compo-1058

nent is roughly constant for galaxies at all masses.1059

Stellar orbit distributions have only been derived ex-1060

plicitly before for two large (N>100) samples of galax-1061

ies, in the CALIFA (Zhu et al. 2018c) and MaNGA (Jin1062

et al. 2020) surveys. We show the orbital fractions de-1063

rived for early-type CALIFA and MaNGA galaxies, as1064

well as the results from this work, in Fig. 17. The1065

variations of the fraction of orbits is in good agreement1066

with the general trends with stellar mass seen by Zhu1067

et al. (2018c) and Jin et al. (2020). Jin et al. (2020)1068

also found an increase in the fraction of hot orbits for1069

massive (log(M?/M�) > 11) galaxies, similar to what1070

we find.10711072

Previous studies that did not have access to stellar1073

orbit modelling, commonly used the proxy for the spin1074

parameter λRe, and the flattening of galaxies, to shed1075

light on galaxy intrinsic properties. Schwarzschild dy-1076

namical models allow us to explain the trends in λRe by1077

showing the contributions from different orbital compo-1078

nents, providing a new insight into how λRe is built-up.1079

We measured the edge-on λRe,EO from our model fits1080

and compared it to the orbital fractions, shown in Fig.1081
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Figure 15. Normalized density of orbits as a function of
the orbit circularity λz for each kinematic class from van de
Sande et al. (2017a) based on the higher-order (V/σ - h3)
signatures. There is a decrease in the contribution from hot
orbits going from Class 1 to 5, with Class 4 having the lowest
value. Warm orbits become more important from Class 2 to
Class 5. Counter-rotating orbits do not have any significant
contribution for Class 3 and 5.

14. We find a clear trend of the fractions of orbits with1082

λRe,EO: hot orbits show a rapid decrease in fraction with1083

increasing λRe,EO, while warm orbits have the opposite1084

behaviour (increasing rapidly with increasing λRe,EO).1085

Counter-rotating orbits have slightly lower fractions for1086

galaxies with higher spin parameter, while cold orbits1087

show low fractions up to λRe,EO ≈ 0.3, after which1088

their importance starts to increase. This confirms that1089

λRe,EO is a good indicator of the underlying orbit distri-1090

bution of a galaxy. The observed spin parameter used in1091

the literature (e.g. Cappellari et al. 2007; Emsellem et al.1092

2007, 2011; van de Sande et al. 2017a) is a projected1093

quantity along an often-unknown line-of-sight viewing1094

angle. Slow rotators are found to be more massive, dom-1095

inating above 2 × 1011M� (e.g. Emsellem et al. 2011;1096

Cappellari 2016; Brough et al. 2017; Veale et al. 2017;1097

Greene et al. 2017; van de Sande et al. 2017b, 2021b).1098

This is in agreement with our more direct orbit-based1099

finding of an increase of the hot component with increas-1100
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Figure 16. Median values of the fractions of dark matter
(fDM = Mdark/Mtot) within 1 Re as a function of stellar
mass for: SAURON (green triangle, Cappellari et al. 2006),
ATLAS 3D (green dotted line, Cappellari et al. 2013 - de-
rived with a cosmologically-motivated NFW halo) galaxies,
the Milky Way (red cross, Bland-Hawthorn & Gerhard 2016),
CALIFA (purple stars, Zhu et al. 2018b), (MaNGA (black
diamonds, Jin et al. 2020) and SAMI (dark blue squares and
blue solid line). Horizontal error bars delimit the mass range
covered by each study. Vertical error bars mark the 25th

and 75th percentiles, when available. The shaded region
represents the error on the best-fit line for SAMI galaxies.
Our results are in good agreement with the results presented
in the literature.

ing galaxy mass and the hot component starting to be1101

dominating for galaxies with log(M?/M�) > 10.75.1102

5.2. Implications for galaxy formation1103

While the degeneracy due to deprojection impacts1104

the reliability of the recovered shape (Rybicki 1987;1105

Krajnović et al. 2005; de Nicola et al. 2020), the1106

Schwarzschild orbit-superposition method is still the1107

best method that exists to derive the true three-1108

dimensional structure of individual galaxies. In this1109

paper we find that the changes of internal structures1110

within 1Re are correlated with the total stellar mass of1111

individual galaxies. In particular, we find a rapid1112

change in structure for galaxies above a stellar1113

mass log(M?/M�) ∼ 11. Below this stellar mass,1114

galaxies tend to be oblate and with a substan-1115

tial number of stars within Re on warm orbits,1116

while higher-mass galaxies with log(M?/M�) > 111117

tend to be more triaxial and dominated by hot1118
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Figure 17. Median values of the fractions of orbital com-
ponents as a function of stellar mass. The cold component
is shown in blue, the warm component in orange, hot com-
ponent in red and counter rotating in green. SAMI pas-
sive galaxies are shown as filled points, MaNGA early-type
galaxies as open points (Jin et al. 2020) and the shaded ar-
eas represent the median values of early-type galaxies in the
CALIFA sample (Zhu et al. 2018c). Horizontal error bars
delimit the mass range covered. Vertical error bars mark
the 25th and 75th percentiles, when available. The dis-
tribution of the fractions of orbits in SAMI and MaNGA
are similar. All three samples show similar trends of orbital
fractions with stellar mass.

orbits. A similar change is also seen in the fraction of1119

dark matter (Fig 7). The change in the hot and warm1120

orbital fractions that we observe in Fig. 13 at stellar1121

masses higher than ∼ 1011M? and the change in intrin-1122

sic shape at similar mass that we see in Fig. 8 could be1123

interpreted as an indication of different formation chan-1124

nels. In particular, major and minor mergers are found1125

to be the main driver of triaxial and prolate shapes,1126

while exclusively very minor mergers are largely associ-1127

ated with triaxial systems and oblate slow rotators are1128

formed in the absence of mergers (Lagos et al. 2020).1129

The increasing fractions of hot orbits with increasing1130

stellar mass supports a scenario where the most massive1131

slow rotators form via gas-poor major mergers (Li et al.1132

2018b).1133

The trends we observe in the inner parts of passive1134

galaxies (within 1Re) are generally consistent with the1135

two formation paths of early-type galaxies proposed by1136

Cappellari (2016). In this picture slow-rotating ETGs1137

assemble near the centre of massive dark matter halos1138

via intense star formation at high redshift, and their evo-1139

lution is dominated by gas-poor mergers. These galax-1140

ies are more likely to be triaxial and more massive, in1141

agreement with what we find. By comparison, low-mass1142

fast-rotating ETGs grow via gas accretion and their1143

structures show similarities with that of spiral galaxies.1144

Moreover, since the warm component can be interpreted1145

as being similar to a thick disk, the increasing contribu-1146

tion that we see from warm orbits in fast-rotating galax-1147

ies provides further evidence for disk-like components in1148

these systems as indicated by Krajnović et al. (2008).1149

Simulations suggest that stars on different orbits have1150

different formation paths. The cold components are1151

mostly young stars formed in-situ, the warm compo-1152

nent likely traces old stars formed in-situ, or stars being1153

heated from cold disks via secular evolution, and a small1154

fraction of the warm component stars could be accreted1155

(Gómez et al. 2017; Park et al. 2021). The stars on hot1156

orbits in the outer regions should mostly be accreted1157

(Gómez et al. 2017; Tissera et al. 2017) via minor or1158

major mergers, while stars on hot orbits in the inner1159

regions are predicted to have formed at high-redshift.1160

Further comparison with simulations will help us to un-1161

derstand the physical processes that lead to the orbit1162

distribution observed at present times.1163

5.2.1. Evidence of early accretion from stellar populations1164

Resolved stellar dynamics trace the change in angu-1165

lar momentum and orbital distribution of stars due to1166

mergers, but major mergers are likely to have obscured1167

the effects of earlier interactions. However, evidence of1168

these earlier interactions can be found in the stellar pop-1169

ulations. In particular, a galaxy’s mean stellar age pro-1170

vides information on when the stars were formed (e.g.1171

Tinsley 1980; Bender et al. 1993; Park et al. 2021). So1172

combining stellar population and stellar kinematic stud-1173

ies can provide unique but complementary insights into1174

how galaxies build-up their stellar mass and angular mo-1175

mentum.1176

van de Sande et al. (2018) studied a sample of galax-1177

ies in the SAMI Galaxy Survey and found that there is1178

a strong relation between V/σRe and mean stellar age,1179

such that galaxies with young stellar populations are1180

predominantly rotationally supported, whereas galaxies1181

with old stellar populations are more pressure supported1182

by random orbital motion of stars. For the large major-1183

ity of galaxies that are oblate-rotating spheroids, they1184

found that characteristic stellar age is related to the in-1185

trinsic ellipticity of galaxies. They studied a full range1186

of morphologies, but showed that this trend is still ob-1187
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served when galaxies are in early-type or late-type sub-1188

samples.1189

To check whether this relation holds for our parame-1190

ters derived using Schwarzschild models, we color-code1191

our data in the λRe,EO − εintr,EO plot by luminosity-1192

weighted, mean stellar population age (see Scott et al.1193

2017) in Fig. 18 and use LOESS smoothing to recover1194

any mean underlying trend. We find a good match to1195

the trends as found by van de Sande et al. (2018), with1196

slow-rotating galaxies being generally older and rounder1197

than fast-rotating galaxies. This relationship is consis-1198

tent with predictions from hydrodynamical cosmological1199

simulations and observations, where slow-rotating galax-1200

ies form via intense star formation at high redshift, and1201

evolve from a set of processes dominated by gas-poor1202

mergers (Cappellari 2016).1203

All the results presented here are in agreement with1204

a formation scenario in which passive galaxies form1205

through two main channels and where the changes of1206

internal structures within 1Re are generally correlated1207

with the total stellar mass of the individual galaxies.1208
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Figure 18. λRe,EO as a function of the intrinsic elliptic-
ity εintr,EO, calculated at 1Re. The magenta line repre-
sents the relation between the anisotropy parameter βz and
the intrinsic ellipticity εintr,EO, for galaxies viewed edge-on,
that bounds all regular rotating galaxies. Galaxies are color-
coded by log Age, and LOESS smoothed to recover any mean
underlying trend. Older galaxies are generally slow-rotating
and rounder than younger systems.

6. CONCLUSION1209

We constructed Schwarzschild orbit-superposition1210

models of 161 passive galaxies, from the SAMI Galaxy1211

Survey, with stellar masses raging from 9.5 < log(M?/M�) <1212

11.4. We derived intrinsic properties such as the inter-1213

nal mass distribution (for both stellar and dark matter),1214

intrinsic stellar shape (axis ratios and ellipticity), veloc-1215

ity anisotropy and orbit circularity distribution which1216

gives us the most-detailed insight into their assembly1217

history. We draw the following conclusions:1218

• Passive galaxies have an average dark matter frac-1219

tion fDM = 0.28 ± 0.20, consistent with previous1220

results (Fig. 16).1221

• The majority of our galaxies are very close1222

to oblate axisymmetric (73% ± 3%), with1223

TRe ≤ 0.1 , with varying degrees of intrinsic1224

flattening, with 19% ± 3% being mildly tri-1225

axial (0.1 < TRe ≥ 0.3) and a small percent-1226

age (8% ± 3%) being triaxial/prolate (TRe >1227

0.3). The fraction of non-oblate galaxies in-1228

creases with increasing stellar mass, with a1229

sudden change at ∼ 1010.50M?/M� (Fig. 8).1230

• Galaxies with high intrinsic ellipticity (flat galax-1231

ies, ε > 0.7) are found to be more isotropic1232

(βr ∼ 0) or more tangentially anisotropic (βr < 0;1233

Fig. 9). βr is anti-correlated with the spin pa-1234

rameter λRe,EO, so that βr decreases with increas-1235

ing λRe,EO, consistent with slow-rotating galaxies1236

being more radially anisotropic and fast-rotating1237

galaxies being more tangentially anisotropic (Fig.1238

11).1239

• By dividing the stellar orbital distribution into1240

cold, warm, hot, and counter-rotating compo-1241

nents, we find that the hot component generally1242

dominates within Re, becoming the most prevalent1243

component among galaxies with total stellar mass1244

log(M?/M�) > 11. In most galaxies a substantial1245

number (∼ 40% of stars within Re are on warm or-1246

bits, with the warm contribution becoming more1247

important at lower stellar masses. The contri-1248

bution from the cold orbital components is small1249

across stellar mass, with its contribution decreas-1250

ing further with increasing mass. The counter-1251

rotating component is roughly constant for galax-1252

ies at all masses (Fig. 13).1253

• The changes of internal structures (fraction of dark1254

matter, fdm, intrinsic shape and orbital distribu-1255

tion) within 1Re are correlated with the total stel-1256

lar mass of the individual galaxies.1257
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• The fractions of orbits show tight correlations with1258

the intrinsic λRe,EO, with hot orbits being dom-1259

inant for slow-rotating galaxies and contributions1260

from warm and cold orbits becoming more im-1261

portant with increasing λRe,EO. We also find a1262

clear distinction between the orbital distributions1263

of galaxies, depending on their kinematic class1264

(from van de Sande et al. (2017a) based on the1265

higher-order V/σ - h3 signatures). Class 1 is dom-1266

inated by hot orbits, with little contribution from1267

other components. The contribution of warm or-1268

bits increases from Class 2 to 5, while the con-1269

tribution from hot orbits become less important.1270

Class 4 and 5 also show contributions from cold1271

and counter rotating components (Fig. 14 and 15).1272

• These results are in agreement with a formation1273

scenario in which galaxies form through two main1274

different channels. Slow-rotating ETGs assem-1275

ble near the centre of massive dark matter halos1276

via intense star formation at high redshift, and1277

their evolution is dominated by gas-poor mergers.1278

These galaxies are more likely to be triaxial and1279

more massive, dominated by radial anisotropy, in1280

agreement with what we find. By comparison, low-1281

mass fast-rotating ETGs grow via gas accretion1282

and their structures show similarities with that of1283

spiral galaxies. Moreover, the intrinsic shapes of1284

slow rotators could point to different type of merg-1285

ers in their evolutionary history.1286

We recommend the inclusion of the higher-1287

order kinematic moments h3 and h4 in future1288

works since even values with high uncertainties1289

improve the model fits. Moreover, since h3 and1290

h4 are quantities that are predicted to be con-1291

nected with a galaxy’s assembly history (Naab1292

et al. 2014), studying their relation to the inter-1293

nal orbital structure of galaxies provides an ex-1294

tra tool to help disentangle the different possible1295

formation scenarios. We did not find a signifi-1296

cant difference between the orbital components1297

of fast-rotating galaxies in different classes (de-1298

termined using the V/sigma- h3 correlation) in1299

the λz − r space (Fig. 14), but this is an inter-1300

esting aspect that should be further explored in1301

future works with larger samples of accurate h31302

and h4 values (e.g. the forthcoming Hector sur-1303

vey; Bryant et al. 2016).1304
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APPENDIX1679

A. RADIAL COVERAGE TEST1680

The SAMI instrument has a fixed field of view (15′′ diameter), meaning that each galaxy has a different maximum1681

radial coverage. In particular, the most massive galaxies are larger than the SAMI field of view (Re > 25′′) and1682

therefore only their inner region is observed (Rmax < 1Re).1683

In order to test the reliability of results obtained from applying Schwarzschild models to galaxies with measurements1684

that do not reach the same maximum radial extension and have a limited number of spatial bins, we selected a test1685

sample consisting of 20 randomly selected CALIFA galaxies, covering different radial extents (Fig. 19). For each1686

galaxy we have taken the CALIFA stellar kinematic maps (Falcón-Barroso et al. 2017) and masked them at different1687

radii, in order to have maps for each galaxy that extend up to Rmax = 0.5Re, 1Re, 1.5Re and 2Re (when possible),1688

respectively. We then determined the best-fit model for each realization of the maps, in addition to fitting the whole1689

galaxy (a set of up to 5 maps for each galaxy, depending on their radial coverage). We take the effective radius Re1690

from Falcón-Barroso et al. (2017).1691
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CALIFA Galaxies
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Figure 19. Maximum radial extension (in units of Re) of the 20 CALIFA galaxies in our test sample. Elliptical galaxies are
shown as dark red circles, spiral galaxies as dark blue diamonds. Seven of the galaxies have kinematic maps which extend
beyond 2 Re.

For each of the 20 galaxies in our test sample we compare the retrieved orbital distributions, inclination angle of1692

the galaxy, enclosed dark matter mass and enclosed total mass within 1Re, for the five different kinematic maps, to1693

those obtained by Zhu et al. (2018a). In most cases (16/20), the best-fit models reproduce the observed luminosity,1694

velocity and velocity dispersion maps when all the parameters are unconstrained. However, the models are better1695

able to reproduce the observations (particularly the velocity dispersion) when they are also allowed1696

to model the higher-order stellar kinematic moments (h3 and h4), even though they are set to zero,1697

with uncertainties set to 0.5. We show an example fit in Fig. 20 and 21. The reduced χ2 decreases significantly1698

from χ2
red = 23.71 when the higher-order moments are not included in the fit, to χ2

red = 4.52 when h3 and h4 are free1699

parameters.1700

In general, our retrieved best-fit values of orbital weights and enclosed mass are comparable to those found in Zhu1701

et al. (2018a). However, galaxies that are found to have low inclination angle (≈ 40◦ - 50◦) in Zhu et al. (2018a)1702

have a higher inclination angle in our best-fit model (≈ 65◦). Moreover, due to the higher inclination angle, these1703

galaxies show a lower fraction of cold orbits (required to reproduce the observed velocity dispersion). We note that1704

those galaxies with a low observed inclination angle require stricter priors for the intrinsic shape parameters.1705
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Figure 20. Best-fit model for CALIFA test galaxy NGC5888 using 2-moments maps. Top: Observed luminosity, velocity
and velocity dispersion Bottom: best-fit model luminosity, velocity and velocity dispersion. The model does not reproduce the
velocity dispersion well.
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Figure 21. Best-fit model for CALIFA test galaxy NGC5888 using 2-moments maps as per Fig. 20, including the higher-order
stellar kinematic moments (h3 and h4, set to zero) in the fits. Even though the values of the observed h3 and h4 are set to zero,
the model is better able to reproduce the velocity dispersion map compared to Fig. 20.

Fig. 22 shows the average residuals between the derived orbital fractions of each of the 4 maps from the values1706

derived from the total maps for the galaxies in our test sample. For each map, the residual for each orbital component1707

is given by:1708

δ =
forbTOT

− forbmap

forbTOT

(A1)

where forbTOT
is the orbital fraction for cold, warm, hot or counter-rotating (CR) - derived from the total map and1709

forbmap
is the orbital fraction derived for one of the 4 kinematic maps - Rmax = 0.5Re, 1Re, 1.5Re and 2Re. Each1710

point in Fig. 22 shows the average of the 4 residuals (one for each orbital component), color-coded by the Rmax of1711

the maps. We also show the residuals for the fraction of dark matter within 1R (fDM), the mass-to-light1712
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ratio in the r-band (M/Lr) and the intrinsic axis ratios at 1Re - pRe and qRe in Fig. 23. The average1713

residuals for each of the maps is shown in Table 1.1714

Comparing the derived values within 1Re of the different maps for each galaxy, we find a general good agreement for1715

all input Rmax maps, with the exception of those retrieved from the Rmax = 0.5Re maps, which show a large scatter.1716

We are therefore confident in the values estimated within 1Re calculated using maps that extend to at least 1Re for1717

the analysis presented here.1718

10 15 20 25 30 35
Re[arcsec]

0.1

0.0

0.1

0.2

0.3

0.4

0.5

Av
er

ag
e 

re
si

du
al

s

Orbital Fractions0.5Re maps residuals
1Re maps residuals
1.5Re maps residuals
2Re maps residuals

Figure 22. Average residuals between the derived orbital fractions of each of the 4 maps from the values derived from the
total maps for the galaxies in our test sample, as a function of Re. For each map, the residuals of the four orbital components
are calculated following A1 and then averaged over the orbital components. Each point corresponds to the average value,
color-coded by the value of Rmax of the map as shown in the bottom right corner. Comparing the derived values within 1Re

of the different maps for each galaxy, we find a general good agreement for all input Rmax maps, with the exception of those
retrieved from the Rmax = 0.5Re maps, which show a large scatter.

Radial Coverage
Residuals

Orbital Fractions fDM M/Lr pRe qRe

0.5Re 0.080 0.145 0.046 0.428 -0.012

1Re 0.030 0.086 0.047 0.101 -0.001

1.5Re 0.001 0.015 0.009 0.027 -0.001

2Re 0.011 0.002 0.016 -0.013 -0.001

Table 1. Average residuals between the derived orbital fractions, fraction of dark matter within 1Re, mass-to-light
ratio in the r-band (M?/Lr) and intrinsic axis ratios pRe and qRe of each of the 4 maps from the values derived from
the total maps for the galaxies in our CALIFA test sample. Comparing the derived values within 1Re of the different maps for
each galaxy, we find a general good agreement for all input Rmax maps, with the exception of those retrieved from the Rmax =
0.5Re maps, which have larger average residual.

B. EXAMPLE GALAXIES 9403800123, 9011900793, 220465 AND 90085003231719

The parameter space for the complete model runs for example galaxies 9403800123, 9011900793,1720

220465 and 9008500323 (Fig. 3,4,5 and 6) are shown in Fig. 24, Fig. 25, Fig. 26 and in Fig. 27,1721

respectively. The dots represent the parameters we have explored. Models within the best-fit region are color-coded1722

according to their χ2 values. The largest red dot highlighted with a black cross indicates the best-fit model. Fig. 281723
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Figure 23. Average residuals between the derived fraction of dark matter within 1Re (fDM; top left), mass-to-
light ratio in the r-band (M?/Lr; top right) and intrinsic axis ratios pRe (bottom left) and qRe (bottom right)
of each of the 4 maps from the values derived from the total maps for the galaxies in our test sample, as a
function of Re. For each map, the residuals of the four orbital components are calculated following A1. Each
point is color-coded by the value of Rmax of the map as shown in the bottom right corner. Comparing the
derived values within 1Re of the different maps for each galaxy, we find a general good agreement for all input
Rmax maps, with the exception of those retrieved from the Rmax = 0.5Re maps, which show a large scatter.

to Fig. 31 show the obtained internal mass distribution, orbit circularity, triaxiality and tangential anisotropy for the1724

four galaxies.1725

C. UNCERTAINTIES ON THE MODEL BEST-FIT PARAMETERS1726

In addition to the 1σ fluctuations from the best-fit model, we use Monte Carlo realisations to estimate the uncer-1727

tainties on our best-fit values. To this end, we select 16 SAMI galaxies (∼ 10% of the total sample), spanning different1728

regions in the size - stellar mass plane. We apply Monte Carlo realisations, as described below, to each one of them,1729

and we use the resulting variations from the best-fit parameters as the uncertainties for galaxies located in similar1730

locations of the galaxy mass-size plane. For each galaxy, we take the kinematic values from the best-fit model and1731

perturb them by adding noise, taken from a Gaussian distribution with standard deviation equal to the mean error of1732



31

5 6 7 8 9
M/Lr

0.6

0.7

0.8

0.9

1.0

u m
in

Galaxy 9403800123

5 6 7 8 9
M/Lr

0.70

0.75

0.80

0.85

0.90

0.95

1.00

p m
in

5 6 7 8 9
M/Lr

0.0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

q m
in

5 6 7 8 9
M/Lr

2

1

0

1

2

3

lo
g(

M
20

0/M
*)

5 6 7 8 9
M/Lr

0.0

0.5

1.0

1.5

2.0

2.5

3.0

C

0 1 2 3
C

0.6

0.7

0.8

0.9

1.0

0 1 2 3
C

0.70

0.75

0.80

0.85

0.90

0.95

1.00

0 1 2 3
C

0.0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0 1 2 3
C

2

1

0

1

2

3

2 1 0 1 2 3

log(M200/M * )

0.6

0.7

0.8

0.9

1.0

2 1 0 1 2 3

log(M200/M * )
0.70

0.75

0.80

0.85

0.90

0.95

1.00

2 1 0 1 2 3

log(M200/M * )

0.0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.0 0.2 0.4 0.6
qmin

0.6

0.7

0.8

0.9

1.0

0.0 0.2 0.4 0.6
qmin

0.70

0.75

0.80

0.85

0.90

0.95

1.00

0.7 0.8 0.9 1.0
pmin

0.6

0.7

0.8

0.9

1.0

0.0 0.5 1.0 1.5 2.0 2.5 3.0

( 2 2
min)/(Nobs × Nkin Npar)1/2

Figure 24. Example galaxy 9403800123: model parameter grid. There are six free parameters: stellar mass-to-light ratio,
M?/Lr in solar units, the intrinsic shape of the flattest Gaussian component (pmin, qmin, umin), the dark matter halo concen-
tration, log c, and dark matter fraction, logM200/M?. The diamonds represent the parameters explored, with the best-fit model
highlighted with a black cross. Models within the best-fit region are color-coded according to their χ2 values shown in the color
bar. The best-fit values are well constrained.
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Figure 25. Example galaxy 9011900793: model parameter grid. The diamonds represent the parameters explored, with the
best-fit model highlighted with a black cross. Models within the best-fit region are color-coded according to their χ2 values
shown in the color bar.

each observed kinematic moment (V, σ, h3, h4). We keep the standard deviation as the uncertainty for each perturbed1733

value. We tested repeating this process to have 30, 50 and 100 different realisations. We then derive the best fit for1734

each of the perturbed kinematic maps. We compare the orbital weights retrieved from each realisation and we find1735

that there is in general good agreement, in particular when looking at the fitted inclination angle and the internal1736

mass distributions values. The left-hand plot of Fig 32 shows the average of the best-fit parameters derived for 301737
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Figure 26. Example galaxy 220465: model parameter grid. The diamonds represent the parameters explored, with the best-fit
model highlighted with a black cross. Models within the best-fit region are color-coded according to their χ2 values shown in
the color bar.

Monte Carlo realisations of the best-fit model of example galaxy 91963. We find that the fraction of the orbits in1738

passive galaxies follow a unimodal distribution. This becomes more evident when considering 50 or 100 realisations1739

(right-hand panels of Fig. 32). We therefore decided to use 50 Monte Carlo realisations as a good compromise in1740

deriving the uncertainties on the best-fit values for SAMI galaxies, since 100 realisations for even 16 galaxies are1741

unfeasibly time-consuming.1742
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Figure 27. Example galaxy 9008500323: model parameter grid. The diamonds represent the parameters explored, with the
best-fit model highlighted with a black cross. Models within the best-fit region are color-coded according to their χ2 values
shown in the color bar.

We take the difference between the 1-σ values of each distribution and the best-fit value of the observed kinematic1743

map as the uncertainties (asymmetric, if the best-fit value is not in the centre of the distribution) on the retrieved1744

best-fit parameters. To the uncertainty of each parameter derived with this method we also add, in quadrature, the 1σ1745

confidence level from the parameter grid, which represents the model fluctuations. This method is applied to derive1746

the uncertainties of all the quantities presented in this work.1747
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Figure 28. Example galaxy 9403800123 (top left panel), 9011900793 (top right panel), 220465 (bottom left panel) and
9008500323 (bottom right panel): enclosed mass. Cumulative total mass (in black), stellar mass (in red) and dark matter mass
(in blue) as a function of the radius of the galaxy. Solid lines are the cumulative profiles calculated from the best-fit, while the
filled regions indicate the errors. Grey dotted and dash-dotted lines are located at 1Re and at Rmax, respectively. At larger
radii the dark matter contribution becomes more important.

D. VELOCITY ANISOTROPY PARAMETER, βZ1748

We define the velocity anisotropy parameter, βz, in cylindrical coordinates, following Cappellari et al. (2007):

βz = 1− Πzz

ΠRR
, (D2)
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Figure 29. Example galaxy 9403800123 (top left panel), 9011900793 (top right panel), 220465 (bottom left panel) and
9008500323 (bottom right panel): orbit circularity. The orbit distribution on the phase space of circularity λz versus radius of
the best-fit model. The colour indicates the density of the orbits on the phase space, the three horizontal black dashed lines
indicate λz = 0.8, λz = 0.25 and λz = -0.25, dividing the orbits in four regions (cold, warm, hot and counter-rotating orbits).
The vertical grey dotted and dash-dotted lines are located at 1Re and at Rmax, respectively. Galaxy 9403800123 has is
dominated by warm and cold orbits. Galaxies 9011900793, 220465, 9008500323 are dominated by hot orbits,
but galaxy 9011900793 also has contributions from warm and cold orbits.

with Πkk as defined in Equation 5. This parameter describes the global shape of the velocity dispersion tensor in the1749

(vR, vz) plane. We calculate the value of βz within 1Re, excluding the inner regions (r < 2′′) since this is smaller than1750

the FWHM of the PSF of our observations.1751

Fig. 33 shows the derived values of βz at 1Re, for each galaxy, as a function of intrinsic ellipticity (ε = 1 − q).1752

Galaxies with higher ellipticities have higher values of βz. This means that flatter galaxies are more anisotropic than1753

rounder galaxies. The grey line shows the relation βz = 0.7 × εintr from Emsellem et al. (2007). In general, we find1754

higher values of βz compared to those seen in Cappellari et al. (2007) for the early-type galaxies in their sample from1755

the SAURON survey. However, they applied axisymmetric Schwarzschild dynamical models to only 24 of their galaxies1756

(a subsample that was consistent with axisymmetry), while the Schwarzschild dynamical models we use also include a1757

set of box orbits that allow for triaxiality. Therefore, the scatter that we see in our relation, is likely to be due to the1758



37

0 2 4 6 8 10 12 14

r [arcsec]
0.0

0.2

0.4

0.6

0.8

1.0

p 
|q

 | 
T

Galaxy 9403800123 q
p
T = (1 p2)/(1 q2)

0 2 4 6 8 10 12 14

r [arcsec]
0.0

0.2

0.4

0.6

0.8

1.0

p 
|q

 | 
T

Galaxy 9011900793 q
p
T = (1 p2)/(1 q2)

0 2 4 6 8 10 12 14

r [arcsec]
0.0

0.2

0.4

0.6

0.8

1.0

p 
|q

 | 
T

Galaxy 220465 q
p
T = (1 p2)/(1 q2)

0 2 4 6 8 10 12 14

r [arcsec]
0.0

0.2

0.4

0.6

0.8

1.0

p 
|q

 | 
T

Galaxy 9008500323 q
p
T = (1 p2)/(1 q2)

Figure 30. Example galaxy 9403800123 (top left panel), 9011900793 (top right panel), 220465 (bottom left panel) and
9008500323 (bottom right panel): triaxiality. Variation of the axial ratios p = b/a, q = c/a and triaxial parameter T =
(1 − p2)/(1 − q2). The red, blue and black curves correspond to p, q and T . The filled regions indicate the errors and the grey
shaded region indicates the seeing limit (r < 2′′). The vertical grey dotted and dash-dotted lines are located at 1Re and at
Rmax, respectively. 9403800123 and 9011900793 are oblate in shape, while 220465 is triaxial and 9008500323 is
close to prolate.

contribution from hot orbits. This is better shown by color-coding the galaxies in the βz − ε plane by their fraction1759

of hot orbits. As seen in Fig. 33, we have contributions > 20% from hot orbits in all of the galaxies in our sample.1760

The negative βz values that we find can be explained with the velocity ellipsoids not being cylindrically aligned, as1761

mentioned in Sec. 4.3.1762



38

0.0 2.5 5.0 7.5 10.0 12.5 15.0
r [arcsec]

0.4

0.2

0.0

0.2

0.4

r
Galaxy 9403800123

0.0 2.5 5.0 7.5 10.0 12.5 15.0
r [arcsec]

1.50

1.25

1.00

0.75

0.50

0.25

0.00

0.25

0.50

r

Galaxy 9011900793

0.0 2.5 5.0 7.5 10.0 12.5 15.0
r [arcsec]

0.4

0.2

0.0

0.2

0.4

0.6

r

Galaxy 220465

0.0 2.5 5.0 7.5 10.0 12.5 15.0
r [arcsec]

1.50

1.25

1.00

0.75

0.50

0.25

0.00

0.25

0.50
r

Galaxy 9008500323

Figure 31. Example galaxy 9403800123 (top left panel), 9011900793 (top right panel), 220465 (bottom left panel) and
9008500323 (bottom right panel): velocity anisotropy profile, βr, as a function of the radius. The solid curves represent the
velocity anisotropy profile obtained by the best-fit model. The filled region indicates the errors. The vertical grey dotted and
dash-dotted lines are 1Re and Rmax, respectively.

E. RATIO OF ORDERED TO RANDOM MOTION1763

For completeness, we also measure the ratio of ordered to random motion V/σ, also measured within 1Re, using the

definition from Cappellari et al. (2007):

(V/σ)
2

=

∑Nspx

i=0 FiV
2
i∑Nspx

i=0 Fiσ2
i

. (E3)
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Figure 32. Distribution of the orbital weights for the Monte Carlo realisations around the best-fit model values found for
example galaxy 91963. Left-hand plot: 30 realisations; central plot: 50 realisations; right-hand plot: 100 realisations. The
dashed lines represent the best-fit values. The unimodal distributions of the orbital components become more evident when
increasing the number of realisations. We use 50 Monte Carlo realisations to derive the uncertainties for our galaxies to optimise
the model run-time required.
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Figure 33. Velocity dispersion anisotropy, βz, within 1Re as a function of intrinsic ellipticity (ε = 1 − q), color-coded by their
fraction of hot orbits. The grey line shows the relation βz = 0.7 × εintr from Cappellari et al. (2007). Galaxies with higher
ellipticities have higher values of βz. This means that flatter galaxies are more anisotropic than rounder galaxies.

Results obtained using V/σ are similar to those obtained for λRe,EO (see Fig. 11 in Sec. 4.4) and are shown in Fig.1764

34.17651766
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Figure 34. V/σ as a function of the ellipticity εintr,EO derived from MGE fits to the edge-on projected maps, calculated at
1Re. The magenta line corresponds to the relation βz = 0.7ε for edge-on galaxies (Emsellem et al. 2007). Data points are
color-coded by the velocity anisotropy βr. As expected, V/σ increases with increasing intrinsic ellipticity.



We thank the anonymous referee for their careful reading of the paper and
their constructive comments. We have addressed their concerns as
described below. Our comments are highlighted in bold font here, and new
text is highlighted in bold font throughout the updated paper.

1) A recent manuscript by Quenneville et al. 2021 was posted to arXiv highlighting issues with the
Schwarzschild code used here, and their findings could significantly impact this work. Given
Quenneville et al. 2021, I recommend the orbital mirroring mistake in code be corrected so that the
positions and velocities combine to give a valid trajectory for the the tube orbits. In addition, given
the periodic oscillation Quenneville et al. found in chi^2 with the triaxiality parameter for some n_I2
values, exploring the orbital sampling should be done here too. An oscillation in triaxiality parameter
could cause an iterative grid search to get stuck in a local minimum.

Moreover (independent of the Quenneville et al. 2021 results), the authors should demonstrate that
the sampling with the iterative grid search is sufficient for this data set. For example, Section 4 states
that on average 500 models are built for each galaxy. Even if all 500 models were run for just the
initial sampling stage, assuming uniform spacing in all six dimensions, then only 2-3 values were
sampled along each dimension. So either a small range for each parameter is being examined or the
sampling is sparse.

Schwarzschild models are time intensive and applying them to a large galaxy sample is incredibly
challenging, particularly now that the authors are using triaxial models and have a six-dimensional
space to explore. However, conducting detailed tests and describing the results of those tests for
several galaxies in sample is necessary to demonstrate the robustness of the results for the larger
sample. While the results for two example galaxies with different numbers of spatial bins within
~1.4-1.7 Re are presented and Appendix A describes a test related to the kinematic extent of the
data, galaxies with different intrinsic shapes should also be explored. Therefore, as a start, it would
be good to select, at a minimum, four galaxies - two oblate axisymmetric galaxies with different
inclination angles (edge-on and not edge-on), a triaxial galaxy, and a prolate galaxy, as determined
from the current models. If possible, it would be even better to select more than one galaxy from
each group and include objects with data covering differing radial extents. Then, correct the orbital
mirroring mistake, and re-run the models for the example galaxies to assess the impact. Also, for
these example galaxies, explore the orbital sampling, using different values of n_I2 to see if the
iterative grid search, as is, recovers the same parameters. Finally, for the example galaxies, increase
the sampling used for the iterative grid search, running different numbers of models for both the
initial sampling stage and over all iterations to see how the inferred parameters and their
uncertainties change.

We have fixed the mirroring mistake in the code and rerun the models for the entire sample.
Our new results have not significantly changed the key results in our paper. The impact of the
fix on the retrieved values from the models in our data and previous data is also being
explored in collaboration with the DYNAMITE team in detail and will be presented soon. Minor
changes were made to the text in Section 4 (values of the derived quantities and kendall
tests’ values - highlighted in bold). However, moderate changes have been made to Section



4.2 - showing the intrinsic shape distribution. We have updated the figures (Fig. 3 to Fig. 18
and Fig. 24 to Fig. 34) with the new derived properties.

We have selected 4 galaxies as example galaxies: 1 edge-on oblate, 1 non edge-on oblate, 1
triaxial and 1 prolate galaxy. As suggested by the referee, for these four galaxies we have
increased n_I2 by a factor of 4, and re-fit the models. The best-fit values retrieved by this
search are consistent, within the 1-sigma confidence level, with the best-fit values retrieved
by our regular runs.

We have run an average of 1250 models for each galaxy in our sample. For the 4 example
galaxies we have also increased the sampling used for the iterative grid search. The best-fit
parameters for both the “standard” and the “super-sampled” grid search are consistent with
one another within the 1-sigma confidence level, converging on global minima.

2.) What is the range of reduced chi^2 values for the sample? The paper doesn't report this
information, or the typical value, but for the two example SAMI galaxies, the reduced chi^2 is ~4 and
~15. These, particularly the latter case, seem very high compared to reduced chi^2 values often
found when using Schwarzschild models (e.g., Yildirim et al. 2017, Krajnovic et al. 2018, Zhu et al.
2018, Thater et al. 2019, Liepold et al. 2020). Usually the reduced chi^2 tends to be at or below 1,
especially if the input kinematics are symmetrized. Are the kinematics here point symmetrized? The
footnote explains that the high reduced chi^2 values are due to "variables being co-dependent". I'm
not sure what is meant by that statement. The authors should clarify. If a reduced chi^2 close to 1 is
not expected, what is considered a good model?

Also, since the SAMI galaxies have kinematics measured out to h4, given what was noted in
Appendix A for the CALIFA test galaxies, what happens if h5 and h6 (or even going beyond to h7
and h8) are set to 0 and the model is allowed to fit to these higher moments? Will the fit significantly
improve and the reduced chi^2 drop? If so, is there an impact on the inferred model parameters, or
does the chi^2 surface remain the same shape but just the normalization change? This could be
checked using the same example galaxies from comment #1 above. In addition, in Appendix A,
when setting h3 and h4 to 0, what uncertainties for h3 and h4 are used?

The referee was correct in pointing out that the chi^2 values should be close to 1. We found a
minor error in our final calculation of the reduced chi^2 where the chi^2 was calculated from the
pixel values, but normalised by the number of Voronoi bins. The reduced chi^2 value is now
calculated from the binned maps and normalised by the number of Voronoi bins. This resolved the
issue with the high  reduced chi^2 values. The range of reduced chi^2 for the sample has values
between 0.54 and 8.12, with a mean value chi2= 2.33 and a standard deviation of 1.34. The
distribution of the reduced chi^2 is shown in the figure below. The average chi^2 value being
greater than one is expected because the input kinematics are not symmetrised, while the
models are.



We have changed the footnote text in Sec. 3.4 as follows:
“The values of chi^2 are not always equal to 1 for the best-fit models of the galaxies in our
sample. This is because the input kinematic maps of the galaxies in our sample were not
symmetrised. Therefore, comparing the observed maps to the model maps, which are
symmetric, can result in values of chi^2 higher than 1.”

As suggested by the referee, we also tested whether including h5 and h6 made a significant
difference to our best-fit model for the example galaxies. Fixing h5 and h6 to 0 and allowing the
model to fit these higher moments does not significantly improve the fit. The variations in h5
and h6 are quite small (~0.06) and there are no significant changes in the kinematic fit, nor in
the chi2 (derived from the fit to the measured moments - for example chi^2 changed from 2.22
to 2.18 for galaxy 9403800123) level or morphology.

In Appendix A, we fixed the uncertainties of h3 and h4 to 0.5. This information has been
added to the text in Appendix A as well:
“However, the models are better able to reproduce the observations (particularly the velocity
dispersion) when they are also allowed to model the higher-order stellar kinematic moments
(h_3 and h_4), even though they are set to zero, with uncertainties set to 0.5.”

3.) Appendix A examines how the inferred orbital fractions depend on the radial extent of the data.
What about other parameters, like the intrinsic shape, dark matter fraction, and M/L?

We have added Fig. 21 to show the variation of the intrinsic shape, the mass-to-light ratio and
the dark matter fraction with the radial extent. Similar to the fractions of orbits, these
parameters are well retrieved within 1 R_e when the radial coverage reaches at least 1 R_e
(with less than 1% variation). When the radial coverage only reaches 0.5 R_e, the derived
value of f_DM, for example, has an average variation of 15%, with some cases where it was



overestimated by over 30%. We have also added the residual values for the aforementioned
parameters in Table 1, Appendix A and the following text:
“​​We also show the residuals for the fraction of dark matter within 1$R_{\rm}$ ($f_{\rm DM}$),
the mass-to-light ratio in the $r$-band ($M/L_r$) and the intrinsic axis ratios at 1$R_{\rm e}$
$p_{\rm Re}$ and $q_{\Re}$ in Fig. 21.”

4.) In Section 2.4, the paper states that galaxies with irregularities in their kinematic maps, that have
strong bars, or that have a bright object in the field were excluded from the sample. What is meant
by irregularities in the kinematic maps? If the authors are referring to non-axisymmetric features like
kinematic twists or misaligned kinematic and photometric position angles, why are the galaxies
excluded from the sample? Triaxial stellar dynamical models should be able to reproduce those
kinematic features. If such galaxies instead were fit, the percentage of galaxies that fall into the
oblate, triaxial, and prolate categories in Section 4.2/Figure 6/Section 6.1.2, the abstract, and
conclusion may change, so that choice in the sample selection and the possible implication should
be made clear.

By ‘irregularities’ we mean kinematic maps of galaxies that are affected by mergers,
secondary galaxies, nearby objects that influence the stellar kinematics of the main object or
artificial features due to a poor-fit that were visually identified, not misalignments or non-artificial
kinematic features in the kinematic maps. We have corrected the text in Sec 2.4 to clarify:
“Following van de Sande et al. (2017a), we exclude all galaxies whose kinematics are
influenced by mergers, that have strong bars or that have a bright object in their stellar
velocity field.”

5.) The stellar masses come from photometry and an assumed IMF. The stellar masses could also
be derived from the MGEs and the M/L from the dynamical models. How do the two values
compare? Can the authors comment on their preference to use stellar masses from the photometry
instead of the dynamical models?

We choose to use the photometry-derived stellar masses to be consistent with the whole
SAMI sample and previous results in the literature where the stellar mass presented was not
the dynamical mass derived from the Schwarzschild modelling (e.g. CALIFA and MaNGA).
Our derived dynamical mass shows a tight correlation with the photometric stellar mass, with
some saturation at high stellar masses, consistent with what has been seen in the literature
(e.g. Cappellari et al. 2006, van der Wel et al. 2008, Taylor et al. 2010,  Newman et al. 2010,
Cappellari et al. 2012) . The following sentence has been added to Sec. 2.3:
“We use the photometric stellar masses for our analysis in order to be consistent with

previous SAMI studies and to have consistent comparisons with previous results in the
literature (e.g. from CALIFA and MaNGA).”

6.) As mentioned in the introduction, one new aspect of this work compared to the orbit-based
modeling of CALIFA and MaNGA galaxies is the use of h3 and h4. Is there anything to say about
how the inclusion of h3 and h4 has been helpful for constraining the model parameters, whether
similar future work should also strive to fit h3 and h4, or any other lessons learned?



Yes, as mentioned in the Appendix, including h3 and h4 in the fits improved the fit to lower
moments. Future works should strive to fit h3 and h4 to include them in the modelling, since
even values with high uncertainties can really improve the fits. Moreover, since h3 and h4 are
quantities that are predicted to be connected with a galaxy’s assembly history, studying their
relation to the internal orbital structure of galaxies could help disentangling the different
possible formation scenarios. We did not find a significant difference between the orbital
components of fast-rotating galaxies in different classes (determined using the V/sigma- h3
correlation) in the lambda_z-r space (Fig. 14), but this is an interesting aspect that should be
further explored in future works where more reliable values of h3 and h4 are available (e.g.
the forthcoming Hector survey).

We have added the following text to Sec. 6:
“We recommend the inclusion of the higher-order kinematic moments h_3 and h_4 in future
works since even values with high uncertainties improve the model fits.
Moreover, since h_3 and h_4 are quantities that are predicted to be connected with a galaxy’s
assembly history (Naab et al. 2014), studying their relation to the internal orbital structure of
galaxies provides an extra tool to help disentangle the different possible formation scenarios.
We did not find a significant difference between the orbital components of fast-rotating
galaxies in different classes (determined using the V/sigma- h3 correlation) in the lambda_z -
r space (Fig. 14), but this is an interesting aspect that should be further explored in future
works with larger samples of accurate h_3 and h_4 values (e.g. the forthcoming Hector
survey; Bryant et al. 2016).”

Additional Minor Comments:

7.) Section 2.2 - it should be made clear that the position angle of the Gaussian components were
required to be the same.

We have specified that the position angles of the Gaussian components were required to be
the same in Sec 2.2 by adding the following sentence:
“For each fit, the position angle of the Gaussian components were required to be the same.”

8.) Figure 3 and Figure 4 - the labels and units for the x and y axes are missing. It is a little difficult to
see the numbers associated with the color bar.

We have added the missing labels and made the numbers clearer.

9.) Figure 18 and Figure 19 in Appendix A - it is very difficult to see the values associated with the
color bar. Also, numbers for the x-axis are missing, as are titles and units for the x and y axes.

Missing labels and numbers have been added and we have increased the size of the numbers
in the color bars.



10.) Figure 21 and Figure 22 in Appendix B - it would be good to make it clear what band the M/L is
in and that these are solar units.

We have added the information on the band (r-band) and the units.

11.) Section 4.4 - is there an understanding about why the re-projection did not work well for the 25
galaxies?

Yes, the issue was resolved by correcting the orbital mirroring mistake. We have removed the
sentence from the paper.

12.) Section 5.1 and 5.2 - since the orbital circularity is within 1 Re and within R_max,h34,
respectively, perhaps these sub-sections don't need to be distinct from the integrated properties
section. It seems similar to the decision to include the T_Re, beta_r, and lambda_RE,EO
sub-sections in the integrated properties section.

We agree with the referee and we have integrated Sec. 5.2 and Sec. 5.1 in Sec. 4

13.) Section 6.1.1 - if measurements of f_dm could be impacted by the form of the dark matter halo
assumed, did the previous studies to which this work is compared to also assume an NFW profile?

Yes, the previous studies used for comparison all used a NFW dark matter profile. This has
been clarified in the paper by modifying the following sentence in Sec. 5.1.1:

“In general, our results for f_DM are broadly consistent with previous stellar dynamic
determinations within 1Re found in the literature which also all assume a NFW dark matter
halo distribution.”

14.) Figure 14 and Figure 15 - are there uncertainties on f_DM and the orbital fractions for the
literature data points? Or, were they intentionally left off the plot?

We have added error bars identifying the 1-sigma scatter in the data points for each mass bin
for CALIFA. The uncertainties for the other f_DM values and orbital fractions (that are taken
as the values given by the authors in their papers), were not available.

Data Editor's review:
One of our data editors has reviewed your initial manuscript submission and has the following
suggestion(s) to help improve the data, software citation and/or overall content. Please treat this as
you would a reviewer's comments and respond accordingly in your report to the science editor.
Questions can be sent directly to the data editors at data-editors@aas.org.

Per the AAS software policy, https://journals.aas.org/policy-statement-on-software/, the authors
should modify their AASTeX v6+ manuscript to highlight the code they used (both cited and
unmentioned in the current text) with the new \software command, e.g.

https://journals.aas.org/policy-statement-on-software


\software{pPXF (Cappellari & Emsellem 2004; Cappellari 2017), The Voronoi binning code of
Cappellari & Copin (2003), DYNAMITE (Jethwa et al. 2020), MgeFit (Cappellari 2002), Scipy (Jones
et al. 2001)}

We have added a line in the Acknowledgment section to highlight the code used:
“\software{pPXF \citep{Cappellari2004, Cappellari2017},  MgeFit \citep{Cappellari2002},
Voronoi binning code \citep{Cappellari2003}, Scipy \citep{2020SciPy-NMeth}, UNSW Katana
computational cluster \citep{Katana2010}.}”


